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Abstract

The optimal transportation problem endows the space of probability measures with a
metric structure which encodes the geometry of the underlying space upon which the
measures are defined. This makes it an apt tool for signal processing problems where
the geometric information of the domain should not be discarded. This distance between
probability measures is known as the Wasserstein metric. We explore several applications
of the Wasserstein geometry to signal processing, first for segmentation and clustering of
time series data, where a sliding window approach is employed to detect change points in
the distribution of the stochastic process generating the observations. Then we consider
a novel signal processing paradigm for data which may be represented as a probability
measure on the nodes of a graph, and implement a barycentric coding model, which
allows for the synthesis and analysis of measures with respect to a given dictionary of

reference measures.
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SPATIAL SIGNAL PROCESSING VIA
OPTIMAL TRANSPORT: APPLICATIONS
TO TIME SERIES ANALYSIS AND
MEASURES ON GRAPHS



Chapter 1

Introduction

“It is customary to preface a work with an explanation of the author’s aim, why he
wrote the book, and the relationship in which he believes it to stand to other earlier or

contemporary treatises on the same subject.”

— G.W.F. Hegel!

!Translation A.V. Miller [HMF77]



It is difficult to find the right place to begin introducing the work which has occupied
me in the past three years; from this vantage, the initial point of departure seems so far off
in the distance. Worse yet, the place to which I’ve come is no high mountain of knowledge
with vistas and crisp air. It is more of a lean-to in the forest, a place where I must shelter
for a moment and assess the situation, and a road which stretches off further yet going
who knows where. If the mission of this missive is to answer the questions “what have
you done, and why?” then perhaps it will be simpler to begin with the former question
and address what was done, in the hope that after discussion of “what” that “why” will

become apparent, for author and reader both.

The contribution of this dissertation consists of two main projects unified around a
broad theme: signal processing via optimal transport. The first project concerns appli-
cations of optimal transport to time series analysis via segmentation; given a time series,
we use optimal transportation to identify change points, and then identify patterns in the
overall data by clustering the much smaller number of segments in the transport geometry.
The second project concerns the development of a barycentric coding model for probabil-
ity measures supported on graphs. This latter project proceeded in two stages. Firstly,
we developed a barycentric coding model by leveraging entropic optimal transportation
algorithms in combination with cost matrices that encode some aspect of the connectiv-
ity information intrinsic to a given graph. This approach is successful, but the method
requires a caveat: proceeding in this way demands the practitioner choose for themselves
what cost metric meaningfully encodes the relevant graph. The approach based on en-
tropic regularization can be thought of as a “static” way of tackling the problem, because
the algorithm employed searches for an optimal transport plan, which describes how much
mass to move from one place to another. After experimenting with the “static” point of
view, we opted to investigate an approach which depends on a “fluid dynamics” inspired
perspective, which traces its roots back to the study of gradient flows in the space of

measures supported on Markov chains. By contrast with the first transport plan-based



4 Chapter 1

“static” implementation, this approach to identifying barycenters adopts the “fluid dy-
namics” perspective on transport by using a discretized continuity equation to update
its iterates. While more difficult from a computational and implementation stand point,
this second approach has the benefit that it does not require the practitioner to make
a choice about how to best encode the edge information on the graph: it acts directly
on the (symmetric) random walk representation of a given graph, which is a well-defined

object.

But this is an introduction, and already I am rushing ahead of myself to get the
conclusions out before the principals have been introduced. So, what is optimal transport?
The problem was first communicated by Monge in 18" century France [Mon81], and I will
roughly summarize its physical motivation as this: given an initial configuration of mass
(say, a pile of raw materials) and a target configuration of mass (a completed structure),
can we find a mapping which transforms the former into the latter in a way which
minimizes total work done? This intuitive problem in applications, represented visually
in Figure 1.1, turns out to open the door to a rich mathematical theory, which spans
from convex analysis to partial differential equations to statistical mechanics and beyond.
For an overview of the topic, the reader will be hard-pressed to find a more thorough
explanation than Villani’s [Vil09]. The magnitude of that tome is commensurate with
the intricacies and beauty of its subject, and it is neither appropriate nor feasible to try
condensing all of that information down into a pithy introduction for this dissertation.
In Chapter 2, I will endeavor to give an overview of the language and results necessary

to follow and understand this text.

In short, optimal transport provides a toolbox for analyzing probability measures in
a manner which does not sacrifice information about the geometry of the underlying
domain, while simultaneously supplying the set of probability measures with a geomet-
ric structure of its own, known as the Wasserstein geometry; in so many words, the

distance between two measures is the total cost it takes to transport one to the other
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Figure 1.1: At a high level, the optimal transport problem is about transforming one
pile of mass into another one, here represented by probability distributions p and v. In
certain circumstances one can find a mapping 7,,_,, which accomplishes this, something
we will address in Chapter 2.

— this contrasts with, e.g., the L? difference between densities of two absolutely con-
tinuous distributions, or the Kullback-Leibler divergence between them. In the world
of applied mathematics, this has made optimal transport a popular computational tool
and particularly attracted attention from the statistics and machine learning communi-
ties [GMO00, ACB17, GPC18, CTV19, Cutl3, PC19, Rig25]. In recent years, this has
opened up new paradigms for signal processing problems [SHBT18, MAMT23, MMA25,
WMAM25, CRT20]. The barycentric coding model for probability measures |BPC16,
WJT*22, GHL24, MAMT23, GM25, WMAM25, MMA25, JCP25| is a recently devel-
oped tool for the synthesis and analysis of probability measure-valued data. The central
conceit of the model is that the theory of barycenters in the L2:-Kantorovich metric (also
known as the 2-Wasserstein metric) on probability measures supported on R? [AC10]
provides a synthesis mechanism for expressing the weighted average of several reference
measures, provided that the weights are simplicial, i.e., that they are non-negative and
sum to unity. Simultaneously, an inverse problem for this weighted synthesis of mea-

sures can also be established and solved, meaning that for a given target measure and
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a family of reference measures, it is possible to identify an appropriate set of weights
so that (re)-synthesizing the references according to these found weights results in the

target measure.

In Chapter 3, our primary interest is in leveraging the Wasserstein metric on proba-
bility measures to facilitate change point detection and, together with classic techniques
in data clustering, to produce compact descriptions of large and complicated time se-
ries data sets, specifically trajectories emerging from molecular dynamics simulations, by
studying applications of optimal transportation to the change point detection problem.
Change point detection (CPD) is the problem of identifying a segmentation of a time
series which partitions the data into a small number of internally coherent sequences.
An example of a change point in a time series is shown in Figure 1.2. The CPD prob-
lem is an essential task in the analysis of time series data, and many different methods,
covering a wide breadth of approaches, exist to tackle the problem [AC17|. As a sta-
tistical tool, it finds applications in finance [KPLS22, Hab21, PP17|, climate modeling
[RCWT07, BCS12, GLR13|, speech analysis [TR08, CRBV13, Gupl5|, edge detection
[TDL03, HHRR20, HTS88|, and health monitoring [LWH18, AHD25, WLJ24|. The task
of a such an algorithm is to produce a segmentation of a time series by identifying the
specific observations at which a significant qualitative change occurs — for example, the
moments where blood pressure becomes excessively elevated, or when anomalous trades
are made in the stock market. Our transport-based segmentation approach is an inver-
sion of a pattern observed in some CPD pipelines [AM07, ZLWX08, RMB*10], wherein
clustering is performed first directly on the data and used to identify segmentation; here
we instead use change point detection to facilitate the labeling of the data by first iden-
tifying a segmentation and then clustering the segments, treating them as a reduced

representation of the original information.

Graph theory is a topic in discrete mathematics. A graph, the central object of study,

consists of a collection of discrete vertices V' and edges connecting the vertices £ C V x V.
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Figure 1.2: The simplest possible instance of a change point: an abrupt change in the law
occurs at time t=5000. The change in the law of the process is reflected in the Wasserstein
metric derivative. Top: an artificial time series, with first 5000 samples drawn from a
N(0,0.85) distribution and the second 5000 samples drawn from a N'(1, 0.75) distribution.
Bottom: approximated metric Wasserstein derivative of the timeseries, with extremum
appearing at t = 5000, corresponding to the abrupt change in the distribution.

An example of such an object is shown in Figure 1.3: the extremal points of the hyper-
cube form the vertex set, and are connected by edges if they lie in the same coordinate
plane. Applications and problems centering on graphs have long attracted the attention
of mathematicians, dating as far back as Euler’s celebrated consideration of the seven
bridges of Kénigsberg [Eul41|. Problems formulated in the graph setting have ranged from
classical combinatorial optimization considerations, such as k-coloring problems |[Bro41]
and max-flow/min-cut algorithms [FJF56], to modern machine learning tools such as
spectral clustering [NJWO01| and graph convolutional neural networks [WCPZ22|. In re-
cent years, signal processing on graphs has become a problem of growing interest in the
applied mathematics community because graphs and discrete metric spaces arise natu-
rally as data structures in domains such as sensor networks, opinion dissemination, and
measurements of community segregation [SMD*19b, RCR21, DMW23|, where the signal
domain is best represented as some discrete, potentially irregular space. The essence of a

graph is in its connectivity information — i.e., which nodes are connected to each other
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— and it therefore is natural to look for signal processing methods which incorporate
that connectivity information. Study of graph connectivity finds application in several
subdomains of machine learning, such as clustering methods [NJW01, RW13, NWJH16]
and supervised /semisupervised learning problems [SYXK23, CC23, HHRR20].

In Chapters 4 & 5, we present two distinct numerical implementations of the barycen-
tric coding model for measures supported on graphs, i.e., we provide algorithms and code
for the synthesis and analysis of measures with respect to a given dictionary of reference
measures. Synthesizing a barycenter of a given family of reference measures, called a
dictionary, can be thought of as approximating the center of mass in a certain geometry
on the simplex — in order to make this approximation numerically, we perform intrinsic
gradient descent using the Riemannian structure on the probability simplex which is in-
duced by a transport-like metric for graph-supported measures; first the intrinsic gradient
is estimated by approximating the geodesic curves between the current descent iterate
and the dictionary elements, and then the iterate is pushed forward via a discretization
of a graph-adapted continuity equation. A measure can also be analyzed relative to a
given dictionary by solving a certain quadratic program — it is known in the Euclidean
case that the coefficients of this quadratic program are related to the inverse of the ex-
ponential map, and hence can also be obtained by approximating the geodesics between

target and reference measures [WJT122].

While these projects and their respective chapters each have distinctive flavors and dif-
ferent computational challenges, they share a common motif: the application of calculus
in a transport metric, in particular an interest in critical points, objects first encountered
in an introductory calculus course. In calculus, we teach freshman that if you want to
optimize a function, you should take its derivative, set that equal to 0, and then perform
some kind of second-order analysis to confirm whether the critical point is a maximum
or a minimum, which we can potentially avoid if some other nice analytical property, like

convexity, is in play. Here we carry on the spirit of freshman calculus: in order to look



Figure 1.3: A graph on 16 vertices representing the 4 dimensional hypercube.

for change points in noisy data, we look for local maximizers of the Wasserstein metric
derivative; in order to look for barycenters, which we characterize as minimizers of a

certain variance functional, we look for zeros of the functional’s derivative vector field.



Chapter 2

Background

“If you haven’t understood the N, how can you teach others the 37

— Yeshua of Nazareth!

!Translation Guy Davenport & Benjamin Urrutia

10



2.1. COMMON OBJECTS 11

Chapter Overview

We recap the basic language and results needed to engage with the re-
mainder of the dissertation. We recall basic definitions from graph theory,
probability theory, and optimal transport. Graph metrics such as the short-
est path and the diffusion distances are recalled. Static and dynamic formu-
lations of the optimal transportation problem are discussed, as well as the
celebrated entropic regularization of the transportation cost, commonly used
in applications and numerical approaches. The barycentric coding model for

measures is introduced. Riemannian gradient descent is also discussed.

2.1 Common Objects

We start by recalling some common definitions from the theories of graphs, analysis, and
probability.

A (finite) graph (with its shortest path metric) is a quintessential example of a discrete
metric space. Specifically, a graph is a pair G = (V| E), where V = {1,2,...,n} is the
vertex set and £ C V x V is the edge set, encoding the information of which vertices
connect to each other. For a fixed pair of vertices u,v € V, a sequence of vertices
U1, Vg, . .., is called a wv walk if v; = u, vy = v, and (v;,v;41) € Efori=1,2,... k—1.

By defining

d(u,v) := inf {Z Ly ipa)er @ (U1, ..., 0g) s a wv walk} ,

we obtain the shortest path metric on the graph G. The degree of a node x € V is the
number of edges y € V' such that (z,y) € F), and is denoted deg(z).
For the remainder, it will be useful to represent graphs via Markov transition ker-

nels. Note that we can always pass back and forth between Markov transition kernels
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VYA

Figure 2.1: The shortest path metric is not always enough information to recover the
edge information in a graph. Left: a chain graph on 3 vertices, with all edges weighted
1; right: a complete graph on 3 vertices, with edge (A, C) weighted 2. Both graphs have
the same shortest-path pairwise distance matrix, but different adjacency matrices.

and graphs. To construct a Markov transition kernel representing an arbitrary simple,

connected graph G = (V, E), one takes

_ deg(z).

e (@Y €EE
m(z) = B .

Qr,y) =

0 else

We also note that this construction can be extended to graphs equipped with symmetric
weight matrices [wy y(2.)cr by setting deg,,(x) := ZyEV w(z,y). Then the corresponding
Markov kernel is defined by

w(z,y)
d e @Y EE
7_((3;) _ egw(‘,lj) . Q(-T,y) _ deg,, () )

d ?

This representation will be useful both because it serves as part of the basis for the
theory of transport on discrete metric spaces, and also because it opens up a new class
of metrics on graphs. Because the shortest path metric does not always capture all the

connectivity information of a graph, other metrics have been constructed and considered
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— in particular, the parameterized class of metrics known as the diffusion distances

[CL06, CLL*05].

Definition 2.1.1. The squared diffusion distance between nodes z,y € V with time

parameter ¢ is given by

df(x,y) — Z (p(w,t|$) —p(w,t|y))2

m(w) ’

weV

where p(w, t|z) is the probability of transitioning from node x to node w after ¢ steps.

The diffusion distance for a given time ¢ defines a metric on the vertices that measures
the connectivity between a pair x,y € V — points connected by many short paths will
be closer together in the diffusion distance [CLLT05, CLO06]. Diffusion distances can be
understood as a type of non-linear dimensionality reduction, and we refer the reader
interested in this aspect of diffusion distances to the papers [MM19, TdSL00, RS00,
BNO03]. Connectivity-encoding metrics on graphs are an area of active interest, and other
such metrics, such as the Fermat distances [BRS12, TLMM24| might also be employed in
this setting, which we leave to future work. Later on in Chapters 4 & 5, we will use the
diffusion distances to construct cost matrices in the context of computing entropically

regularized W5 barycenters on discrete spaces.

Definition 2.1.2. Take p to be a positive integer. The p-simplex, denoted AP~! is the

set of vectors in R? with non-negative components which sum to 1, in other words

APl = {)\:(Al,...,Ap):)\i2072)\i:1}.

We denote the set of non-negative measures v with total mass of 1 defined on a
measurable space Q by P(Q2). If @ = R? then we denote by P»(£2) the set of probability
measures v such that [, ||«]|* dv(z) < oo. If there exists a density function p(z) : @ — R

such that for all Lebesgue measurable A C Q it holds that v(A) = [, p(x) dz, then v is
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said to be absolutely continuous, and belongs to the set Pa .(2).

Definition 2.1.3. Let P(2) be the set of Borel probability measures on €2 and let u, v €
P(£2). A probability measure v € P(2 x Q) is said to be a coupling of the measures u

and v if for all Borel measurable sets A, the following identities hold:
YA X Q) =p(A); (2 x A) =v(A).

The set of all couplings of p and v is denoted I1(u, v).

Note that II(u,v) is always non-empty because the product measure p ® v is itself
a coupling. In the context of finite discrete measures, couplings may be represented as
matrices satisfying linear constraints. If 7 : R — R? is a measurable mapping, and
v € TI(i,v) has the form (Id xT')#pu, where # is the measure push-forward operator,
then we say that the plan v is induced by mapping 7', and we call T a transport map

taking u to v.

2.2 Transport in a Euclidean Domain

2.2.1 Overview

Conceptually, the optimal transportation problem is this: suppose we have a pile of mass
that needs to be moved from one location to a new one, and that transporting a unit
of mass from point z to point y has associated cost ¢(z,y) — how can the mass be
transported in a cost minimizing way, and what is the minimum cost associated to the
optimal method? As it happens, this intuitive optimization problem is the genesis for
a geometry of probability measures encoding the structure of the underlying space on
which those measures are defined.

The essential things about optimal transport that we need to understand are: that op-

timal transport endows the space of probability measures with a geometry; that geodesic
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curves in the geometry of transport obey the continuity equation and in particular min-
imize its action; that barycenters are defined in terms of a geometric minimization prob-

lem.

2.2.2 Static Formulation, Kantorovich Problem, and Brenier’s

Theorem

Let us recall the basic building blocks for the L?-Kantorovich geometry of probability
measures. The theory of optimal transportation in its modern formulation is centrally
concerned with the problem of solving a certain linear program with constraints defined
in terms of measures. Let u,v € P(R"), let ¢(z,y) : R" x R® — R*. Then the optimal

transport cost for g and v with cost ¢ is given by

OT(u,v) := inf {/QXQ c(x,y) dy v € (p, V)} : (2.1)

The minimization problem in (2.2.2) is referred to as the Kantorovich problem. In
general, the cost function c(z,y) can take many forms, but the case which has proven
most well-studied has turned out to be when c(z, y) = 3d*(z,y). For the case of Q = R,
we denote d(z, y) by || —yl|; norms in other Hilbert spaces are differentiated by subscript,
e.g. | - |lg. Taking Q = R? is the setting of Brenier’s theorem [Bre91|, one of the
foundational results of the modern field, which we reproduce here.

Theorem 2.2.1 (|Bre91], Theorem 1.3). Let i, v be probability measures on R satisfying

Jeo 12012 dpe(@), Jou Iyl dv(y) < co. Let c(x,y) = 5llo —y||*, and suppose that pu gives no
mass to (d — 1) surfaces of class C?. Then there exists a p-a.e. unique optimal transport

map T from p to v, and a convex function ¢ such that T = V¢.

The convex function ¢ is known as the Brenier potential and T is referred to as the
optimal transport (OT) map. It can be shown that in this case, and under the further

stipulation that space of probability measures is restricted to the set P2(2) of those
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measures with finite second moment, then (2.2.2) defines a metric on Py(Q2), known as
the 2-Wasserstein or L?-Kantorovich metric and denoted by W, [San15].

Note also some other foundational work in the modern field of transportation: in
[SK87] the cyclical monotonicity characterization of optimal plans is established; in
[McC97|, what is now known as the McCann interpolant was introduced, which describes
the dynamic transportation of one distribution to another, achieved through pushing
the initial distribution forward by the linear interpolation of the optimal transport map
and the identity function; in [GM96], existence and uniqueness for the optimal transport
problem are established for a broad class of cost functions both convex and concave.

The Kantorovich problem can be thought of as a static formulation of the optimal
transportation problem — the optimal coupling v* describes the measure of mass moving
from some set A to some set B, but a priori gives no information about the path the
mass takes when moving between the sets. As we will emphasize below, the dynamical

formulation of transportation will be of the utmost importance for our work.

2.2.3 Dynamic Formulation, Benamou-Brenier Theorem

It is also a remarkable fact that the W5 metric is formally similar to the kinds of metrics
which arise in Riemannian geometry. This fact is expressed by the Benamou-Brenier
formula reproduced below. In order to provide necessary context for this formula, first
recall the continuity equation with temporal boundary conditions. A function p : [0, 1] X
R? — R and a time-dependent vector field V' : [0,1] x R? — R? are said to satisfy the
continuity equation with temporal boundary data (po, p;1) if the following holds:

dp

a + V- (pV) =0; p(O,ZE) = pO(‘T)’ :0(1’ "L‘) = pl(ZL‘). (2'2)

On a physical level, this equation is asserting that a quantity of mass is evolving con-

tinuously from distribution pg to distribution p;. The Benamou-Brenier formula connects
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this fluid dynamics problem to the optimal transportation problem by asserting that the
optimal transport cost for measures py and p; with ground cost given by ||-—-||? is exactly
the minimum energy required to move the mass continuously from one configuration to

another.

Theorem 2.2.2 (|[BB00], Proposition 1.1). Given absolutely continuous probability mea-
sures on RY with finite second moment py, p1, the square of the L?-Kantorovich distance

satisfies

Wi =it { [ [ Wit arat),

where the infimum is taken over all pairs (p,V') satisfying the continuity equation with

boundary data py, p;.

To see how this can be interpreted as Riemannian metric, notice that the integrand

might as well be written

Wi =t { [ [ pvol? ara}

1
— inf {/0 IV ()1 22 (0.0 dt} '

The RHS can now be read as the minimization of an energy functional, with the min-

(2.3)

imization occurring over the space of all absolutely continuous curves with endpoints
po and p;. This point will be important in the development of a transport-like met-
ric for probability measures supported on graphs. We want to emphasize here that the
Benamou-Brenier formula gives a dynamic interpretation of the optimal transportation
problem — the minimizer of (2.3) will be a curve in the space of measures p(t), which can
be interpreted as tracking the instantaneous distribution of mass at each time ¢ € [0, 1]
as the distribution evolves from py to p;. This is in contrast to the static formulation
given by the Kantorovich problem.

The energy minimizing curve may also be connected to the static plans and maps
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formulation of Kantorovich via the McCann interpolation. In [McC97], it is shown that
if T is the optimal transport map pushing py to p;, then the interpolation, defined by

the expression

pr = ((1 =) Id+tT")#po,

is energy minimizing over the interval [0, 1].

With this interpretation of the L?-Kantorovich metric in mind, a natural question to
ask is the following: is there a corresponding interpretation of the notion of a tangent
space at a point? The answer is yes, and, following |[AGSO05], we give the following

definition:
T, P2uc(R") :={B(Vop—1d) : § > 0,9 € CZ(R"), ¢ convex },

where the closure is in L*(v). If u,v are two tangent vectors in T, P ,.(R"), then their
inner product is defined by multiplying them together and integrating against the measure
v, (u,v), := [pau,v) dv(z). The existence of this formal Riemannian interpretation will
be important because it opens the door to applying first-order optimization methods for
minimizing functionals defined on (Pqq.(2), Wa).

In full generality, absolute continuity of the boundary measures is not necessary for
(2.2.2) to hold. In [AGS05], a rigorous investigation is undertaken to show that in a
setting as general as {2 being a separable Hilbert space, there is a direct correspondence
between absolutely continuous curves v, : (a,b) — P(Q2) and solutions in the sense of
distributions to the continuity equation. Taking ) = RY, a curve v; of Borel probability
measures and a time-dependent vector field v; are said to satisfy the continuity equation

in the sense of distributions if the following holds for all test functions ¢ € C>°(R¢x (a,b)):

/ /Rd (Opp(x,t) + (vi(x), Vep(x, b)) dy(x) dt = 0.

This weak formulation allows for a class of admissible solutions which are lacking in
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the regularity that would normally be required to solve the equation (2.2) in the classical
sense. This will be important later on when finding weak solutions to a modification
of (2.2) is of use for approximating the discretized transport distance for measures on

graphs (see Section 5.3.2).

2.2.4 Differential Calculus in the Wasserstein Space

We will now introduce some definitions and results from the theory of Wasserstein gradi-
ent flows. Gradient flows are one of the most celebrated results associated to the theory
of modern transport, particularly the results of Otto in [JKO98, Ott01], and the the-
ory of gradient flows in general metric spaces developed by Ambrosio, Gigli, and Savare

[AGS05].

Metric Derivatives

In Chapter 3, we employ the scalar Wasserstein metric derivative, defined (following
[AGS05]) as follows: let v : [0,1] — Po(£2), let to € (0,1). We say that ~ has metric

derivative |§| at ¢ if the following limit exists:

h/‘ — lim W2(/7(t)a’7(t0>).

t—=to t— 1o

(2.4)

Metric derivatives may be defined in any metric space for which a notion of absolute
continuity is available. In [Amb90], it was shown that the limit in (2.4) exists under very
general conditions on the measures v(t), namely that ~(¢) be absolutely continuous in
time with respect to the Lebesgue measure on [0, 1] for almost-all .

The intuition for the metric derivative is that it represents the instantaneous speed of
the “particle” in the space of probability distributions, which we will think of as the law
of some stochastic process. The geometry of the definition is shown in Figure 2.2. The

metric derivative is the starting point for the much-celebrated theory of gradient flows
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o) =t A0 F 9D 2100)

d(v(to + ), v(to)) v(to +€)
N

~(t) ¥(to)

Figure 2.2: A curve on a manifold; the metric derivative is defined in terms of a limit
of a difference quotient where the numerator is given by the difference between nearby
points.

on metric spaces [AGS05|, which could in the future serve as a good basis from which to

expand the change point detection methodology.

Wasserstein Gradients

A gradient flow in Euclidean space is a partial differential equation in time and space
defined by a differentiable function F': R — R, together with Cauchy boundary data,

expressed by
2'(t) = —VF(x(t)), t>0,
(2.5)
x(0) = xo.
The idea is simple enough: if z(t) solves (2.5), then x is a curve of maximal slope and
moves towards minimizers of F'| evolving in the direction of —VF' at each time ¢t. Of
particular interest is the time discretization of such a scheme: fix a 7 > 0 and define the

iterates

1
T = argminZHx—xZHQqLF(x). (2.6)

This is known as a minimizing movements scheme, and can be directly related to the
implicit Euler scheme for solving (2.5).

It is the remarkable result of [JKO98| that if one replaces || - — - || in (2.6) by W,
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and considers the discretized gradient flow in the space Py q.(2) with Q = R? of the

Boltzmann entropy , defined by

H(p) = / p(z) log(p()) da, (2.7)

one finds that the solution to this gradient flow problem exactly coincides with heat flow.

Theorem 2.2.3 ([JKO98|, Theorem 5). Let py € Pa4.(2) satisfy H(po) < oo, and for

given T > 0, let {p}} solve (2.6). Define the interpolation p™ : (0,00) x R4 — [0,00) by
pT(t) = pi(t) telkh, (k+1)h), k=0,1,2,....

Then as 7 ] 0,
pT(t) — p(t)  weakly in L*(R)Vt € (0, 00),

where p € C*((0,00) x RY) is the unique solution of

dp
— = Ap.
or ~ ="
Otto’s result is fundamental to the modern study of evolution equations, and we recall

it here because it will serve as motivation for the discussion of transportation on a graph.

2.2.5 Barycenters of Probability Measures and the Barycentric
Coding Model

Now with a geometry of probability distributions in hand, we would like to consider

extending the notion of convex combinations of points to this setting. An example of

weighted center of mass on a non-Euclidean domain is shown in Figure 2.3. In a Euclidean
P

space, given points {z;})_, and A € AP~ the convex combination Y \;z; minimizes the

function Y \||z; — z||*. Replacing || - — - ||* by d?(,-) suggests how convex combinations
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might be reasonably defined in generic metric spaces lacking linear structure, such as

(P2(S2), W3). In [AC10], the minimization problem

irylf{J(

Figure 2.3: Weighted center of mass
on a non-Euclidean space; vy is
the synthesis of the points vy, 15, 3
with weights A = (0.2,0.5,0.3)

V) = ZAiwg@i, y)} (2.8)

is studied, wherein the coefficients (A,..., \,) are
real numbers such that \; > 0 foreachi =1,...,p,
and Y A; = 1, and where the v; are probability mea-
sures with finite second moment defined on R". The
fixed measures {v;}7_, are referred to as the refer-
ence measures, and the coefficients {\;};_, are the
weights. We refer to the functional J as the variance
functional. Minimizers v* of (2.8) are referred to as
barycenters of the reference measures {v;},_, with
weights {\;}}_,, and we write v* = Bary({v;}, ).
Recall that for a Hilbert space H and convex func-

tion ¢ : H — R, the Fenchel conjugate of ¢ is

denoted ¢* and defined by the expression:

©*(y) == sup(z,y)g — f(7).

T

A major result of [AC10] is the following:

Theorem 2.2.4 (|[AC10], Proposition 3.8). Let M(R?) be the space of bounded Radon

measures on R?, let M}F(Rd) be the set of Radon probability measures on R?, and let

X' ={pe MRY: 1+ |[z]*)p € MR} .

Assume that v; vanishes on sets of Hausdorff dimension < d — 1 for everyi =1,...,p,
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and let v € X' N ML (R™). Then the following conditions are equivalent:
1. v solves (2.8).

2. There exist convexr potentials 1; such that V1; is Brenier’s map transporting v;
P

to v, and a constant C such that ;)\zw:‘(y) < C+ @,Vy € R", with equality

v-a.e. Furthermore, the potentials 1 are differentiable on Supp(v) and satisfy

p
SIAVY =1d.
=1

The last piece of background from the theory of
transport in the Euclidean setting is the barycentric
coding model for measures. Fix a family of refer-

P

ence measures {v;}._; C Paq.(R"), and let vy be

the minimizer of (2.8) for a given A € AP~'. Then

we denote by Bary({v;}7_)) = {wvn: e AP}
The barycentric coding model consists of two prob-

lems: synthesis, the problem of finding v, for given

A € AP71 and analysis, the problem of finding A

for given vy. The content of Theorem 2.2.4 is that Figure 2.4: To solve the analy-
sis problem, we compute the tan-
gent vectors associated to the unit
tain regularity assumptions hold. In [WJT+22|, it time geodesic curves connecting the

target measure to each reference
is shown under mild regularity assumptions on the measure, then form the associated

the synthesis problem is well-defined, provided cer-

: : G trix.
family of reference measures that the analysis prob- ram thattx

lem can also be solved.

Theorem 2.2.5 ([WJT"22], Proposition 1). Let {v;},_, be a collection of suitably reqular

probability measures on Q. Then vy € Bary({v;},_,) if and only if

min ATA\ =0, (2.9)

xeAr—1
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where, letting T; be the optimal transport map from pgy to p;, A € RP*P s defined by
Ay = (T, = 1d,T; = 1d) 12()- (2.10)

Furthermore, if the minimum value of NXTAX is 0, and \* is an optimal argument, then

Vg = Uyx.

Thus, if we can approximate the matrix A, and solve the quadratic program (2.9),
we can solve the analysis problem for the barycentric coding model; the geometry of
this result is illustrated in Figure 2.4. We note that this assumes perfect access to the
probability measures under consideration; estimation of transport maps via i.i.d. samples
from the underlying measures enables estimation of the optimal A in this statistical

setting.

2.3 Computational Optimal Transport

2.3.1 Special Case: Transport on the Real Line

We now address a special case with particular relevance to the work will be described
in Chapter 3. In the case where measures are supported on the real line and absolutely

continuous with respect to the Lebesgue measure, the following convenient identity holds:

Wuw) = [ 1R @) = P @) d, (2.11)

where F~ Lis the generalized inverse cumulative distribution function, defined by

F Y (z) = inf{t : p([—o0,t)) > x}.

The reason this formula is so convenient when working with one-dimensional empirical

measures is that it reduces the problem of computing an optimal transport cost to the
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problem of sorting two lists, which is a much easier problem than solving a general linear
program. Following [PC19], for two empirical measures i = = >~ 8, and o = £ 3§,
i=1 i=1

which we assume to be sorted so that x; < x;.1, y; < y;11 for each ¢, we have that

Wi (i 0) =) e — il
i=1

The case when the measures have a different number of atoms is not meaningfully
more difficult using (2.11), since the pseudo-inverse of an empirical CDF is easily ob-
tained by sorting the observed samples. We will also be interested in working with 1D
transport costs on the unit circle, details for which can be found in [DSS10]. All transport
algorithms used for the change point detection application work outlined in Chapter 3

are those implemented in [FCGT21].

2.3.2 Entropic Regularization of the Optimal Transport Problem

and Sinkhorn’s Algorithm

Up to this point, reference has been made frequently to regularity of measures — but
in applications, typically one works with empirical measures based on some set of ob-
servations. In the case of finitely supported measures the Kantorovich problem may be
optimized via standard techniques in convex programming. However, linear programs
exhibit poor scaling in the size of that support (O(n3logn)) [PW09]. In [Cut13], it was
shown that transport distances of empirical measures, i.e., normalized superpositions of
Dirac point masses, could be approximated more quickly by appending a regularization
term. Let i = zn: 0y, U = i Bidy,, be finitely supported measures, fix €,¢, > 0, define

i=1 i=1
the pairwise distance matrix C' = [C; ]

n,m

i=1,j=1 V1&

Ciy = |z — y; |,
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and for v € TI(j1, 7) define the entropy of ~ by
H(y) = — Z%‘,j(log Yig — 1)
4,3
Then the entropic optimal transport cost for ji and ¥ is defined via
OT.,.,(jt,0) == inf {(7,C) + e H(7)} . (2.12)

(1,v) — OT(f1,0). The effect of the regu-

In the limit as .., — 07, we have OT,

Ereg
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Figure 2.5: Comparison between a classic optimal transport plan and an entropically
regularized one. Left: two samples of 100 points each in the plane (normally distributed
with different means and variances). Center: optimal assignment between points to
minimize transport cost, obtained via computation of a linear program. Right: entropic
transport plan for minimizing entropic transport cost. Notice the difference in sparsity
between the two plans: entropic transport results in a diffusive effect.

larization is demonstrated in Figure 2.5 — the optimal plan in the unregularized case is
a pure permutation matrix, assigning mass to move from one specific point to another
in a cost-minimizing manner, while the presence of the entropy term in 2.12 results in
a diffusive effect in the optimal plan. Computing the entropic optimal transport cost is
accomplished via the Sinkhorn algorithm [SK67, Sin67|, which converges to an optimal
solution of (2.12) in an amount of time which is roughly quadratic in the number of
samples [Cut13]. For this reason, entropic regularization has become a popular computa-

tional technique in the optimal transport community [GPC18, MNW19, CTV19, PNW21,
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MWMA23, MMA25, Wer24, MMS25|.

2.4 Optimal Transport on Discrete Spaces

Definitions and Calculus for Discrete Metric Spaces

We now describe how the theory of transportation differs when the underlying metric
space is discrete. A (finite) discrete metric space is a pair (X, d) where X = {1,2,...,n},
with d : X x X — R" satisfying the classic properties of a metric (symmetry, positive
definiteness, and the triangle inequality).

A probability measures on a graph always has a simple structure, namely it is a non-
negative function p : V- — RT such that Y p; = 1. It is easy to see that the space of
functions on the vertex set of G is identified with RIV! and hence that the set of probability
measures is the |V|-simplex.

In [Maall] a natural question is posed: suppose that @ is an irreducible, reversible,
Markov transition kernel on a finite set X, and let H(t) be the heat semigroup on X,
defined as H(t) := e!®x where Ay is the associated graph Laplacian (see 5.3.2 for details
on graph Laplacians) — can this heat flow 2 be identified as a gradient flow in the space
of probability densities on X7

The answer turns out to be yes, and the functional defining the gradient flow is
even the standard entropy, but the geometry defining the gradient flow is not the L*-
Kantorovich geometry. To understand why, we need to revisit the static approach to
the optimal transprot problem. In the Euclidean setting, the approach to the optimal
transport problem based on the Kantorovich formulation and transportation plans, as
opposed to transportation maps, arose in part because it was easier to treat analytically.
While the problem remains tractable when the underlying domain of the measures is dis-

crete, certain technical issues arise that make it unsuitable as a metric on the probability

2The connection between this semigroup and heatflow in Euclidean space will be clarified below when
we discuss discrete calculus.



28 Chapter 2

simplex. In particular, one can show that if Xy = ({0,1},{(0,1)}) is the simple two
point graph, with two vertices connected by an undirected edge, and W5 is the classic
L?-Kantorovich distance, then as metric spaces (P(Xs), Wa) ~ ([0,1],v/]z —y|). This
is problematic, since the space on the RHS admits no non-trivial geodesics; in partic-
ular, every geodesic curve is 2-Hoélder continuous, and hence constant. Thus there can
be no theory of gradient flows or of variance minimizing measures [Maall|. To see this,
first note that the set P(X,) is easily characterized: v € P(AX,) if and only if it can be
written v = v, = (o, 1 — a),a € [0,1]. Now, because v must be countably additive, if
we fix two measures v,,v5 € P(A,), we can similarly characterize the set of couplings
II(v,, vg) as the set of 2 x 2 matrices v with appropriate row and column sums by writing
Y{(z,y)}) = Yay for (z,y) € Ay x Xy, This in turn leads us to an underdetermined linear

system which any coupling v must satisfy:

Yoo + Yo1 = &
Yio+71=1—-«
Yoo + Y10 = B

Yor +ym1=1-0
Solving this system we find that any coupling v € II(v,, v3) has the form

a+ -1+ 1—-p—~
Y= = e (2.13)

l—a—mn 711

noting that the upper bound ;; < min {1 — «, 1 — 3} is obtained as an easy consequence
of (2.4). Together with the simple metric structure of AXj, this allows us to directly solve
(2.2.2). We have, recalling the identity

a+b la—0b
2 2

min{a, b} =
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inf {/X . d*(z,y) dy(z,y) : H(Vaa’/ﬁ)} = inf {01 + 710 : 7 € (v, v5)}
=inf{l—a+1—75—2(1)}
=1l—-a+1—-F—-2min{l —«o,1—-5})

= ’B—CYL

We conclude then that for 2 = A5, we have

W (va, v5) = V16 = af

The final piece of the exercise is to recall a fact about arbitrary geodesic curves from
metric geometry. Let (X, d) be a metric space, fix a,b € X, and let z(¢) : [0,1] — X be

a geodesic with z(0) = a, and x(1) = b. Then, for any s,t € [0, 1], we have
d(x(s),z(t)) = |t — s|d(a,b).
So now suppose that v(t) is a geodesic in the L2-Kantorovich geometry. Then we have
(1) = v(s)[V? = Wa(v(s),v(1) = |t — s|Walva, vs) = [t — 5| - |5 — al, (2.14)

which directly implies that the mapping v : [0,1] — [0,1] is 2-Holder continuous, and
therefore constant. Since v(t) is an arbitrary geodesic, this shows that all geodesics in

the L2-Kantorovich geometry of X, are trivial: they are single points.

To remedy this issue, a construction based on the Benamou-Brenier formula was
proposed in [Maall|. The key to the construction is adapting the continuity equation
to the setting of a discrete metric space, defining an action functional for curves in the
|V|-simplex, and declaring the squared distance between two measures ps and pp to

be the minimal action of a curve p(t) where p(0) = pa, and p(1) = pp, where the
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minimization occurs over the space of all curves satisfying the adapted continuity equation

with prescribed temporal boundary conditions.

The construction in [Maall] is phrased in terms of Markov kernels on finite sets. Let
X be a finite set, let @ : X x X — [0,00) be the transition rate matrix of a continuous
time irreducible Markov chain on X, and let 7 be the (unique) stationary distribution of
the process, satisfying 7 : X — (0,1),> ", 7(i) = 1. Assume also that ) and 7 satisfy a
detailed balance equation, meaning that 7(:)Q(i,5) = 7(j)Q(j,4) for all 4, j € X. The
set of probability measures with respect to 7 is denoted
|4

P(X) := p:X%Rg:meizl

i=1

In order to describe the adaptation of the continuity equation to the discrete settings,
we first need to recall the tools of discrete calculus. Let X = (V, E) and d be the shortest
path metric. A function on (the nodes of) X is identified with a vector f € RIVI. A
vector field on (the edges of) X is a function m € RIFl. The spaces RVl and RI®l are

equipped with the respective inner products

(o t)e = S @@l (@ W)g=3 3 Bw )W y)Qw, ().

zeV z,yeV

The graph gradient of a function f is a vector field V¢, and is defined by

Vaf(r,y) = f(z) — fy)

The graph divergence of a vector field m is a function divy m, defined by

dive m(z) = 5 Y _(m(y, z) — m(z,y))Q(z,y).

yeVv

The graph Laplacian of a function f is the composition of the graph gradient and graph
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divergence, and is denoted Ay f. The operator Ay admits the explicit form

Axf(z)=> Qz.y)(f(y) - f(x)) = (Q - D)f)(x),

yeX

where D := diag <Z + Q(z, y)) . The graph Laplacian has been an object of intense
ye zeX

study and finds applications in network cluster identification, vertex dimensionality re-

duction, and Fourier analysis on graphs; for details, we refer the reader to the surveys

[Mer95, Mer94, SMD*19b|. Furthermore, the graph Laplacian can be used to define a

heat flow: given an initial condition py, we can consider the differential equation

dp
— =A
81& xpP,

which admits the formal solution

p(t) = 2% py.

In the context of graph calculus, there is no way to multiply a vector field by a function
and obtain another vector field. Therefore, if the continuity equation (2.2) is to be made
legible in the context of a discrete metric space, some choice must be made about how
to “scale” a vector field. To that end, an admissible mean 6(-,-) : Rt x Rt — RT is
chosen. For technical reasons, there are certain properties that 6 will need to satisfy: it
must be concave, lower semi-continuous, 1-homogeneous, symmetric, and C? on (0, 00)?.
The choices most often considered in the literature are the logarithmic mean and the

geometric mean, respectively given by

s—t
o 1) = 3 Ogeom 1) = l.
sl = ooy —logr) P (1) = Vet

The ultimate result of [Maall] is that choosing 6 = 6,,, recovers Otto’s result connecting
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heat flow to the gradient flow of entropy. However, in our implementation, we prefer
Ogecom simply because it is easier to work with on a practical level. Once 6 is chosen, for
any measure p € P(X), define the vector field 0(p)(i, j) := 0(p(i), p(7)). Then the set of

solutions to the discrete continuity equation is defined by

CE(pa, pp) = {(p, m): % + diva(6(p) ©m) =0, p(0) = pa, p(1) = pB} :

where ® means componentwise multiplication. Then, if p : [0,1] — R* and m : [0,1] —

RY** the action of the pair (p,m) is defined to be

=5/ > AL Qi ()

Taking Zeg(p,,pp) (0, m) to be 0 for (p,m) € CE(pa, pp) and +o00 otherwise, the energy of

the pair (p, m) is defined to be

E(p,m) = A(p,m) + Leg(papp) (psm),

and finally the metric W is defined by

W(pa, p) = int {v/E(p,m) : (p,m) € CE(pa, pi) }

For full details of the construction and proof that it does indeed define a proper Rieman-
nian structure on the interior of the simplex, we refer the reader to [Maall|. Two things
which are important to note concerning the discrete transport geometry. Firstly, the
tangent space has an interpretation analogous to the one given in the Euclidean setting,
which is to say that vectors in the tangent space at a point are in correspondence with

the set of graph gradients of functions on the graph,

T,P(X) = {Vp e RVIVI: o e RVIY.



2.5. INTRINSIC GRADIENT DESCENT 33

Second, that the metric tensor has an explicit expression in terms of the admissible mean
6 — this is key, because it allows us to form the Gram matrix needed for solving the

analysis problem. We have that for Vo, V¢ € T,P(X)

(V. Vo) = 5 3 6(0(a),v()) Vil ) V().

z,yeV

Lastly, and perhaps most important from a theoretical perspective, is that as in the case
with the W5 metric for probability measures on R?, W? is convex with respect to linear

interpolation.
Theorem 2.4.1 ([EM12], Proposition 2.11). Forr € [0,1] andi,j = 0,1, take p! € P(X)
and set p7 := (1 —7)p? + 7p}. Then

Corollary 2.4.2. Fiz {v;}}_, C P(X), let A € AP™' and define the variance functional
J :P(X) = R via
p
NN . 2.1
Il ;QW@,M (2.15)

Then there ezists v* € P(X) which minimizes J .

Proof. Convexity of the functional J implies that is continuous in the Euclidean geometry
and since J is defined over a compact domain, there therefore exists v* € P(X) = AlVI-1

minimizing J by the extreme value theorem. O]

2.5 Intrinsic Gradient Descent

In order to compute minimizers to the variance functional, we take a perspective on the
problem originating in Riemannian optimization. One of the key tools we will need for

this approach is the exponential map, a classical object in Riemannian geometry [Tul7|.
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Let (M, g) be a Riemannian manifold, let p € M, and let 7, M be the tangent space to

M. The exponential map at p is a function

exp, : U CTHM — M,

which maps tangent vectors at p to points in M based on the geodesics emanating from p.
If v, : [0, 1] = M is a geodesic curve such that v(0) = p,~/(0) = v, then the exponential

map is defined by the relation

epr(U> = Vp,v(l)'

Or in physical terms, it is the point in M reached after unit time by departing from p
in the direction v. Typically the exponential map is difficult to work with, because it
is defined in terms of an ordinary differential equation and the Levi-Civita connection
associated to the metric g. Nevertheless, the exponential map is the key ingredient for

what we shall refer to as intrinsic gradient descent.

Now the classical gradient descent scheme in the Euclidean setting is defined by the
following relation: if F' is a smooth function and we wish to find a (perhaps local)

minimizer of F', we compute the iterates

Tet+1 = Tk — thF(l’k),

for some positive sequence {¢}. Lacking a linear structure, this equation becomes mean-
ingless on a Riemannian manifold, but the essential idea of walking “in the direction of
steepest descent” remains legible, provided the exponential map is well-defined. In that
case, we write

Trpr = Xy, (G VmF ),

where V  is the Riemannian gradient, i.e., the unique vector in 7}, M which is dual to the

differential dF'. The intrinsic gradient of the functional (2.15) is actually straightforward
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enough to compute, if the point at which the gradient is to be evaluated can be joined
to each of the reference points by a unique length-minimizing geodesic and if one is
willing to leave the computation in terms of the exponential mapping [Afs1l] (in fact,
a similar result holds in the classical L*-Kantorovich geometry [AGS05]). One has, for
fixed {z;}}_, C M, with A € AP~!

— A - -
Va {Z §d2(x, T;) p = — Z A exp,t(z:),
i=1 i=1

and therefore, what we will need to compute is

p
Vi1 = €XD,, (_tk (Z A expy,! (Mz))) :
i=1
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Wasserstein-Based Identification of
Metastable States in Time Series Data
via Change Point Detection and

Segment Clustering

“But I know a change is gonna come.”

— Sam Cooke

36
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Chapter Overview

Change point detection for time series analysis is a difficult and impor-
tant problem in applied statistics, for which a variety of approaches have
been developed in the past several decades. Here!, the Wasserstein metric is
employed as a tool for change-point identification in multi-dimensional time
series data in order to identify clusters in time series in an unsupervised way.
We leverage the simplicity of the optimal transport cost in the 1-dimensional
setting to quickly identify both a segmentation (family of change points for
a trajectory) and a clustering for the data when the number of segments is
much smaller than the number of data points, making no parametric assump-
tions about the particular distributions involved. Our change point detection
method scales linearly in the size of the data and in the dimension of the
samples. We test our approach on idealized synthetic data trajectories, as
well as real world trajectories coming from the domain of molecular dynamics
simulations and underwater acoustics. We find that segmenting these time
series via change points obtained by estimating the Wasserstein metric deriva-
tive and then clustering the identified segments as measures with similarity
measured by the Wasserstein metric, successfully identifies metastable states

in the law of the processes.

3.1 Introduction

3.1.1 Motivation

Change point detection (CPD) is a powerful tool for the study of time series data because
although a given trajectory may be large in the sense that the number of observations

is large, containing potentially millions of samples, it may also be redundant if the time

IThis chapter is based on a paper co-authored with Joshua Huang and James M. Murphy, [GHM26].
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series tends to oscillate between few metastable states wherein the variance between
observations is low. Therefore, if both the number of metastable states and the rate at
which the trajectory passes between them is relatively small, significant reduction in the
number of pairwise comparisons needed to apply a distance based clustering technique can
be achieved by viewing it as a sequence of empirical distributions representing segments
of the trajectory. How one searches for these change points is therefore a key problem

for this approach.

The motivating problem for this chapter arises from studying the trajectory data
of molecular dynamics simulations (MDS). A common assumption when studying these
trajectories is that the configuration space of a given particle in a fixed setting can be
partitioned into regions which represent particle states which are “metastable” and transi-
tions between them; the metastable regions of the space are those where the particle tends
to remain for extended periods of time, e.g., the basins of an energy well, while the tran-
sitions are the complement of the metastable sets. A natural question follows from this
assumption, namely, how can we construct reduced-order models of a particle’s behavior
based on its trajectory data? One approach to the problem is segment-based clustering,
a technique explored in [DML21|. By looking for change points in the time series data,
a very large number of data points is reduced to a relatively small number of segments,
leveraging the time sequence aspect of the data to reduce the number of pairwise dis-
tances needed to compute a similarity matrix, which is then used to identify a clustering
of those segments via the clustering by density peaks algorithm [RL14, WQH"24]. The

individual data points then inherit the label of their parent segment.

One of the CPD methods which originally inspired this work is BarT [DLM23|, which
is a transport-based modification of the SIMPLE algorithm [FDM™15], both of which
depend on maximum likelihood estimation [Was04| and consequently must have a sta-
tistical prior about the distributions [FDM*15] [DLM23|. Both of these are methods

that take an optimization-oriented view of the CPD problem, where a loss function is
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established which is based on the log-likelihood of observing the trajectory for a given set
of change points, together with a regularization term which modulates how many change
points the algorithms produce by penalizing each change point, with a lower penalty for
simultaneously detected changes in several observables. These optimization procedures
are extremely expensive, meaning that finding the optimal penalizing parameter for the
regularization term is impractical. By changing our statistical view from a parametric to
a non-parametric one, we give up theoretical guarantees about optimality of our change

points, but gain a method which can analyze a trajectory much more quickly.

Optimal transport provides a toolbox which is particularly well-suited to data which
has a spatial aspect. In particular, it allows us to quantify the difference between two
probability measures in a way which encodes the underlying geometry of the space on
which the measures are supported. This is important if we are trying to discern the
points in time at which the trajectory leaves or enters distinct regions of a configuration
space for extended periods via observed data. Note also that this is an advantage that
transport has over other commonly employed ways of comparing distributions when the
supports of the distributions differ — for example, the Kullback-Liebler divergence is not
even defined for two measures with disjoint support [Was04]. We apply this transport
toolbox to the CPD problem by viewing a segmentation of a time series as a sequence of
empirical probability measures. Using a moving window, we scan along the time series,
measuring the distance between neighboring segments using the optimal transport cost,
then identify change points as those times where the distance between the empirical

measures representing two neighboring segments is unusually large.

We conceive of our time series as being a realization of some stochastic process with
hidden law. If the law of our stochastic process evolves in a continuous way, then we
can consider it to be a parameterized curve in the space of measures, i.e., a particle
trajectory in something resembling a manifold. If this particle trajectory is concentrated

in a small region of the manifold for some period of time, then the stochastic process
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is in a metastable state. If the particle is moving between metastable states it is in
a transition state. After segmenting the trajectory by identifying change points and
transitions between metastable states we will produce a reduced-order description of the
trajectory by grouping together empirically observed metastable segments, using classical
unsupervised clustering methods.

Following our analogy to particle trajectories in a manifold, our heuristic for metastable
state detection will be the following: the particle is not moving (and hence metastable) if
the speed of the trajectory is relatively small. Our approach is data-driven, and in gen-
eral we cannot hope to have access to, e.g., an analytic stochastic differential equation
governing the trajectory, so we must approximate the differential of the curve based on
available data.

To this end, we will apply the 2-Wasserstein metric as a non-parametric statistical
tool for the analysis of noisy time series data. Formally, our hypothesis is this: suppose
we are observing a stochastic process X; on a compact interval [0, 7], and that there is
some time ty € (0,7") where a change in the law of the process occurs. Then, if ﬂtg is the
empirical distribution of the process generated by the samples {Xt}tgto and [Lt0+ is the

empirical distribution generated by the samples {X;}, -,, i.e.,

to 1 T 1
=N 2§ oy — s
:uto ; tO Xt Mta' t_tZH T _ t() Xt
= =to

then we expect that t; should solve

argmax W (1, fig+).-

0<t<T

Naturally, we do not expect to see only one change point in a given trajectory — rather
than looking for a global maximizer of the Wasserstein distance, we will examine local
maximizers. To find such maximizers, we employ a sliding window approach, fixing a

window size w, and compute for each t = w, ..., T —w the Wasserstein distance between
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the empirical measures defined by the previous and the next w samples. Then, a cut-off is
applied to identify outliers where the distance between consecutive windows is unusually
large.

Once we have identified a family of change points, we have determined a segmen-
tation of pairwise disjoint contiguous subsets of our trajectory. We would now like to
classify the segments in an unsupervised manner. To do this, we once again interpret
the segments as empirical measures, whose pairwise similarity can be measured via the
2-Wasserstein metric. The clustering method we employ is clustering by advanced density
peaks (ADPC) [RL14, WQH"24|. ADPC is advantageous because it is entirely unsuper-

vised, determining a number of cluster centers automatically via a statistical criterion.

3.1.2 Contributions

In this chapter, we present a non-parametric change-point detection algorithm, and com-
bine it with an unsupervised clustering approach to identify metastable states in time
series data. We find that in idealized synthetic data sets, molecular dynamics simulation
data, and underwater acoustics data that our approach is able to identify coherent clus-
ters in the space of probability distributions, thereby providing a compact model of the
data. Our CPD approach scales linearly in the size of the data, and is thus well-adapted
to large-scale data sets, and, provided that the data does not oscillate between states too
rapidly, has the advantage of greatly reducing the number of pairwise distances that need

to be computed for the cluster identification.

3.1.3 Organization of the chapter

In Section 2, we outline the necessary background to understand both the change point
detection method and the clustering algorithms employed. In Section 3, we describe
the algorithm we used to obtain our numerical results. In Section 4, we present the

numerical results of our experiments, demonstrating efficacy of our approach in a variety
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easily understood low-dimensional examples. In Section 5, we conclude with a discussion
of our results, and propose some future directions for expanding and extending the work

presented herein.

3.2 Background

3.2.1 Previous Work on Moving Window Change Point Detec-

tion and Relation to the Literature

CPD encompasses a vast collection of methods from the field of applied statistics and for
a comprehensive overview of the field, we refer the reader to the surveys [AC17, RCW107,
NHZ16, TOV20] as well as the textbook [BNT93]. Generically speaking, CPD methods
have several qualities which are used to categorize them, which we outline below.

CPD methods may be online or offline. Online methods are those which run concur-
rently with the process about which they are trying to make inferences, whereas offline
methods take an after-the-fact approach to the problem of identifying changes in the
trajectory, examining all the data at once [Pagb4, Pic85]. Celebrated online approaches
include [AMO7, JSBT05, KCHPO1|, and have seen a rise in popularity as hardware im-
provements make real-time change detection more feasible. Our method is an offline
approach, because we use statistical quantities based on the entire trajectory, retrospec-
tively segmenting the time series and then looking for patterns in the data.

Another distinction to make when differentiating CPD methods is whether or not they
are driven by some parametric assumption on the underlying data. Parametric approaches
to the CPD problem are among some of the earliest, dating back to the Wald’s sequential
probability ratio test [Wal45]. Parametric and non-parametric approaches offer distinct
advantages and trade-offs; the former work by making an explicit assumption on the
underlying nature of the distribution (e.g., a process is stationary and Gaussian), while

models in the latter category make no such assumptions.
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Parametric models may incur higher computational costs during the process of opti-
mizing model selection. For example, SIMPLE [FDMT*15], one of the algorithms that
served as initial inspiration for our work, is a parametric CPD scheme which opti-
mizes a loss function which must be derived on some statistical prior, e.g. the data
is drawn from a family of distributions which is Gaussian, Laplace, exponential, and
so on. Non-parametric approaches by contrast avoid model selection issues, and but
tend to require access to larger amounts of data at inference time [AC17|. Tools pre-
viously used in non-parametric CPD include but are not limited to the Kolmogorov-
Smirnov test [Pic85, PYWR21, Pat07|, graphs [CZ15, CC23|, and, of particular in-
terest to us, optimal transport, where approaches based on distribution-free methods
[Che23, CMHA20, FCS*21], kernel-based methods [WGX22|, and entropic regulariza-
tion of the Wasserstein distance have been studied [WMMA24|. Our approach is similar
to the one that appears in [CAHT20, Che23|, with some key differences — in particu-
lar, our use of the metric derivative rather than the Wasserstein two-sample test. The
Wasserstein two-sample test [ACMR99, RTC17] is a distribution free non-parametric test
which is applicable to 1D distributions on the real line and measures whether or not the
monotone rearrangement of one distribution into another differs from the identify func-
tion in a statistically significant way; if there is no such significant difference, the null
hypothesis (both samples are drawn from the same distribution) is accepted. This differs
our approach, which we will describe below, in that we work directly with the Wasserstein
distances between neighboring distributions and look for outliers in that data. Addition-
ally, we are interested in data sets which take values in a non-Euclidean domains, such as
the 3-torus. Recently Wasserstein two-sample tests have been studied on the flat torus

[GGCN23|, and this may provide an avenue for future extension of our work.

As a last categorical distinction among approaches, CPD methods are either super-
vised or unsupervised. The regime of the former is one in which change points are labeled

ahead of time, and the goal of training is to develop a model which predicts well labels
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excluded from the training data. On the other hand, unsupervised CPD aims to iden-
tify structures in the data without knowledge of a ground truth — this is the regime
under which our method operates. One common iteration of the unsupervised approach
is to cluster the data into a family of states, and look for the points where the cluster
label changes. Classic examples of this approach include the sliding window and bottom-
up (SWAB) algorithm [KCHPO01| and the minimum description length (MDL) algorithm
[RKLE11]. Our approach reverses this paradigm, and attempts to identify suitable labels

for the data based on the identified change points.

One challenge of moving window schemes, and which is acute to our approach in
particular, is the choice of the window size w. Being an essentially statistical estimator of
the instantaneous distribution, it is naturally preferable for our windows to have a large
number of samples, and thus be better estimators of the true distribution. On the other
hand, as a practical matter, it isn’t hard to take w too large — supposing for a moment
that there were some set of true change points, if the average (true) segment length is
much smaller than the window size, then a typical window will contain many segments,
and thus our approach will have no hope of detecting the change points in the large w
regime. Therefore, our algorithm leaves w as a tunable parameter, which the user can

adjust as fits their use case.

The primary predecessors which inspired our work are the SIMPLE and BarT al-
gorithms, both of which were developed for specific application to molecular dynamics
trajectory data [DLM23|, with the latter being an extension of the former based on opti-
mal transport and the Wasserstein distance. SIMPLE works for a process {{Y};}{_, }/_,in
J dimensions by first choosing a log-likelihood function [ representing the plausibility of
observing the given data conditioning on a set of change points {7}X£,, and proceeds by
minimizing by means of a dynamic programming algorithm

>

K K
7j=1 =0

lA<Yjv7—j,i+1’ s 7}/ijj,i+1) —A Z Q(SZ)
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where S; is a subset of {1,...,J} corresponding to the dimensions which are chang-
ing at time 7;, and ¢ : 2{b/} — R is a strictly increasing penalty function satisfying
q(AU B) < q(A) + q(B) whenever A and B are non-empty disjoint subsets, e.g. in the
original implementation of SIMPLE, the authors take ¢(-) = | - |* for @ € (0,1]. This
encourages the algorithm to choose change points where many dimensions are changing
simultaneously — any change point whatsoever incurs a penalty, but points which exhibit

changes only in a few dimensions of the data set are penalized more heavily.

BarT takes a point of view based on optimal transport (see Section 2.2 for details
on optimal transport), adapting the loss function [ to consider the possibility that a
point belongs to a barycentric transition between metastable states. This adaptation
is made by taking I(-) = max{Lums(-), Ly(-)}, where Ly, and Ly, are, respectively, the
log-likelihood functions corresponding to a metastable and a transition region. Explicitly,
the algorithm supposes that metastable states are Laplace distributed, and takes (u;, o)

TJ+1

to be the parameters of the j-th segment {X;},”". Then one has

Tj+1 - = X N’j|
Lis({Xi}27,) = log H exp ,

Tj+1 jfas |Xt B /’Ljut|
L, ({X: },2) = log H exp — ]

Ojt
wherein (¢, 0;+) correspond to the parameters of the Wasserstein geodesic between
the (j — 1)-th and (j + 1)-th segments. These parameters are easily computed because
the Wasserstein geodesic of two Laplace distributions ~; and 7, is itself Laplace, and the
parameters of the (unit time length) interpolant are directly estimable from the estimated
parameters of v, and vy, [DLM23]. Our work is inspired by this transport-driven approach,
but differs essentially in that it forsakes an explicit loss function, which is expensive to
optimize, in favor of working with the geometric structure that the Wasserstein metric

gives to the set of empirical distributions.
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The problem of change point detection and segment clustering for time series data
was also considered in [CAH"20], although our work takes a somewhat different approach
to the problem for 1D timeseries, and further expands the approach to multi-dimensional
non-Euclidean timeseries data, both those taking on vector values and those satisfying a
manifold hypothesis e.g., we will apply our methods to molecular dynamics simulation

data which can be represented as a timeseries on the torus.

The Wasserstein distance metrizes the space of probability distributions in a way
which encodes the geometry of the underlying space, making it an apt choice for the
analysis of physical trajectories, and is amenable to working with Dirac clouds as esti-
mates of the relevant measures. This allows us to quantify the difference between two
neighboring windows of points and approximate the metric derivative of the trajectory
in Wasserstein space. This information allows us to predict whether or not the law of the

process is metastable or in the midst of transition between metastable states.

At a high level, what is essential to our work is the following. Let {X;}/, be a
stochastic process defined on some metric space €2; in practice we consider our data as
being a realization of the process [Dks10|, and from the given data we will try to draw
inferences about the particular realization. For each t € [0,T], we can denote by ~; the
distribution of the random variable X;. We will assume that this parameterized family of
measures lives in P (2)—the set of probability measures on €2 with finite second moment
—then we can consider Py(€2) as an infinite-dimensional Riemannian manifold, at least
in a formal sense by interpreting the Wasserstein metric as coming from a Riemannian
structure. If the law of our stochastic process X; evolves in a continuous way, then we can
consider the parameterized family of measures 7; to be a curve, i.e. a particle trajectory,
in this manifold. If this particle trajectory is concentrated in a small region of the
manifold for some period of time, then the stochastic process X; is in a metastable state.
If the particle is moving between metastable states it is in a transition state. A priori,

we generally do not know what the metastable states of a process will be — our goal is
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thus to leverage the metric structure of Py(€2), given by the 2-Wasserstein distance, to
identify stretches of time (hereafter, “segments”) when the particle is metastable. Then,
using classical clustering methods, we will produce a reduced-order description of the

trajectory by grouping together empirically observed metastable segments.

3.2.2 Clustering Techniques Based on Similarity Matrices

Once we have split a trajectory into a sequence of segments, our next task is to group
them together in a coherent way. In other words, we want to identify clusters in the re-
duced data set. Each segment is represented by an empirical distribution, and continuing
with the theme established by our CPD method, we will quantify the difference between
segments with the 2-Wasserstein metric. Because each element in the Wasserstein space
is a measure, there is a restriction on the family of clustering methods which are suited to
the task of labeling the segments — for example, while a Wasserstein based K-means ap-
proach has been investigated in the literature, theoretical results on its scaling remain in
development and empirical work suggests the scaling may be poor [ZCY22]. To deal with
this difficulty, we will employ a clustering technique which works just from the pairwise
distances of the segment data. Conversely, working with the pairwise distance matrix
further highlights one of the reasons why it might be desirable to segment a time series.
In toto, our data sets may contain millions of individual data points, making the compu-
tation of the pairwise distance matrix prohibitive at the level of points — however, if the
data can be broken into a number of segments which is much smaller than the number

of raw data points, that computational burden is eased.

Letting S be the collection of segments in the time series and 2; be the empirical

measure associated to each segment, we form the similarity matrix via the rule

1 o |S|
A= {exp (—%VV2 (s, Vj)):|

3,7=1
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Figure 3.1: Pipeline of the procedure: first, the time series is split into a family of
non-overlapping segments, then a pairwise similarity matrix is computed based on the
Wasserstein distance, and finally a clustering algorithm is applied to the similarity matrix
to learn labels for the segments and by extension the points of the timeseries.

and thus just the formation of the similarity matrix requires O(|S|?) operations. In this

work, we always take o = 1.

Clustering by advanced density peaks is a method that aims to identify the topography
of a multimodal dataset [RL14, dFLR21]. This scheme is driven by several heuristics,
and has the advantage of being entirely unsupervised. Firstly, “putative centers" of
the data set are identified by looking for those points such that the local density of
points around the centers is maximal. Once a family of centers is identified, this induces
a Voronoi partitioning of the ambient space. The borders of this partition are then
examined to identify saddle points in the topography of the data set, which in turn
allows for the identification of peaks (modes) in the data. All of these steps are driven
via statistical methods, i.e. suitable estimators on quantities such as local density. The
two main advantages of using ADPC in our setting is that it is both dimension agnostic,
in the sense that it will attempt to estimate the intrinsic dimension of the collection of

segments implied by the distance matrix on its own, and that it does not require as an
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input a guess on the number of clusters present in the data. This makes our pipeline
amenable to complicated trajectories which cannot be “eye-balled”, either because the
data is essentially high-dimensional or because the modes of the clusters are too close

together to be easily differentiated by human judgment.

3.3 Algorithms

Beyond the computational aspects of 1D transport costs as described in chapter 2, our
CPD also depends upon two hyperparameters, w and g. The window size w specifies the
sample size of the empirical distributions we use at each point in time to approximate
the law of the process, and ¢ is a real number between 0 and 1 that specifies a quantile
cutoff with respect to the distribution of approximated Wasserstein metric derivatives,
indicating that a data point may potentially be labeled as a change point. In essence,
w controls the number of samples we demand at any given time to approximate the
instantaneous change in distribution of the time series, while g controls how sensitive the
algorithm is to the changes in the time series. For example, if ¢ is taken to be small,
then more points will register as candidates, and conversely if ¢ is taken close to 1, few
candidates will be identified.

Our approach is this: for a fixed data set {Xt}z;l and parameters w, ¢ we approximate

the metric Wasserstein derivative via

%/ - W2(M57HZF),

where p, = {Xt}i_w i = {X; ?w. This approximation gives us a sense of the speed
at which the law of the process is moving through the space of probability distribu-
tions. Then, with that information in hand, we look for the regions where we see outlier

acceleration of the distribution.

To give a better sense of what exactly it is that we are looking for, consider the ideal
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scenario in a physical sense: suppose that we are looking at a particle trajectory in the
plane over a time interval [0, 1]. At some time ¢y, the particle begins to move uniformly
from its initial position to its terminal position, which it reaches at time t;, after which
it ceases to move. The speed of the particle would then be graphically represented by a

square wave, i.e, the characteristic function 1y, ,)(t).

Algorithm 1 Change Point Detection Algorithm (ComputeChangePoints)

Input: Time series data X;, total number of data points T, window size w, quantile
threshold ¢
Output: Set of change point times

1: Step 1: Compute derivative magnitude array

2: Initialize "Ay‘ + empty array of size (T — 2w)

3: fort=wtoT —wdo

4: Compute ||[t] < estimate of |§(t)| from X,

5: end for

6:

7. Step 2: Identify candidate times based on quantile threshold

8: Compute 7, <— ¢-th quantile of k1

9: C {t: Y[t >7pt=w,w+1,....T —w} > Candidate set
10:

11: Step 3: Filter for inflection points in contiguous segments

12: Partition C into contiguous subsequences Sy, Ss, ..., Sk

13: Initialize Z < 0 > Inflection point set
14: for each segment S; do

15: Identify inflection points within segment S;

16: Add detected inflection points to Z

17: end for

18: return Z

Implicit in our overall change point detection scheme is a filtering choice: a priort,
if we set a quantile cutoff ¢, then simply returning the points above that threshold will
return (1 — q)% of the data set as change point candidates, and many of these candidate
points will be contiguous with each other, as a consequence of the continuity of the
trajectory. In other words, we will get out of the first two steps of the scheme a collection
of change regions, from which we now want to extract a fine-grained selection of change

points.

Finally, we extend our approach to multi-dimensional data simply by working component-
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wise. By this we mean that we treat each component of the time series as being a process

all its own, and perform for each dimension the segmentation and clustering procedure.

Formally, we can consider our pipeline as a transformation F' = L o S where S maps the

input time series {X,} € R” to a corresponding set of segments S = {S;}¥_,, and where

L : S; — I; maps segments to labels, so that F': {{X; 4} }2, = {{l;a}_,}2_,. Then

an overall state is assigned to Xto by concatenating the labels (I, 1012 - - - ltg.a)-

Algorithm 2 Change Point Detection Subroutine: Identifying Inflection Points

Input: Metric derivative data {D;}._,, quantile threshold ¢
Output: Inflection points of metric derivative data
Step 1: Identify continuous subsequences in |7
2: C < {t: D; > quantile(D, q)}
S« {{Dt}?jtli At ti+1,...,t; + k} C C is a maximum length subsequence}
4: Step 2: Report extrema of the subsequences
1}
6: for each subsequence S € S do
7 < T U{argmin S, argmax S}
8: end for
return 7

Algorithm 3 Metastable State Identification Procedure (IdentifyStates)

Input: time series data {{X;;},}¢ ,, window size w € N, quantile threshold ¢ € (0, 1),

clustering method Cluster
Output: Point labels {I;}_,
fori=1:D do
Step 1: Identify segmentation of time series

3: C < ComputeChangePoints(X;, w, q) > Identify change points
S+ {{Xt}?:*tli t; € C} > Partition data into segments

Step 2: Compute pairwise Wy similarity of segments

6: D «+ [exp (—%WQQ(SZ-, Sj)) for S;,5; € S} > Compute similarity matrix

Step 3: Cluster segments based on similarity matrix
L <+ Cluster(D)
9: Step 4: Label points according to the label of their parent segment
li — [L(S(Xtﬂ)) fort=1: T]
end for

12: PointLabels < [l;(t)l2(t) ... l4(t) for t =1:T] > Concatenate labels to make final

assignment
return PointLabels

We summarize the above with the following proposition:



52 Chapter 3

Proposition 3.3.1. For fived w and q, for inputs {Xt}le C RP, the runtime complexity
of Algorithm 1 is O(TD). Fiz w € {1,...|T/2]|}, ¢ € (0,1), and assume that the number

of segments N scales proportionally to the length of the input data X = {X;}L,.

Proof. The claim follows directly from the construction of the algorithm: for each t =
w,..., T —w, we perform two sorting operations, which are O(wlogw), but O(1) with
respect to the size and dimension of the input data. Likewise, the subroutine identifying
the inflection points of the identified segments is no more complex than sorting the
empirical distribution of each segment. Since the number of segments is assumed to grow
linearly in the number of data points, we amortize by considering the expected length of
each segment, which will be T/N. Performing N o T" sorting jobs on a list of size T/N
has complexity O (N % log (%)) = O(T). Because this procedure is carried out over each

of the D dimensions of the data, the algorithm has total asymptotic time complexity

O(TD). 0

3.4 Methodology & Numerical Results

For each of the particular time series we examine going forward, we will apply our method
and examine the point labels so produced. To keep things visualizable, we will look at
timeseries which takes values in R, and the 3-torus. While almost all the data sets
are computer generated, some are more artificial than others — the “toy” data set, for
example, was constructed explicitly to serve as a testing ground for our procedure 2.
The molecular dynamics simulations were retrieved from the deeptime Python library
[HSH*21| and the GROMACS library for chemical simulations [AMS™15]|. Our collection
of data sets includes one physically generated trajectory, courtesy of the Naval Research

Laboratory [TFS16].

20ur code and data are available at https://github.com/dcgentile/mfpy
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3.4.1 Generated Data Sets
Toy Data Set

Our first data set comes from a family of artificially constructed trajectories meant to
give our procedure an idealized setting in which to work. We fix two means my, ms € R
and a variance ¢ > 0 to determine two separated Laplace distributions iy, p2, and we
fix a transition length L, a total number of samples T" and collection of change points
{t;} C {1...T}. The trajectory is then generated by sampling X; ~ p; for t =0,..., ¢,
the Wasserstein interpolant of X; ~ [uy, po]; for t =1+ 1,... t5, and then X; ~ puy for

t=1y+1,...,t3, repeating the pattern until time 7.

Toy Laplacian Precision & Recall
# True CPS # Detected CPS | Precision Recall
38 38 0.89 0.89

Table 3.1: Table of precision and recall scores for the toy data set. Precision and recall
are averaged over tolerances of tol = 0,.. ., 100.

We find that our procedure is able to identify the change points of the trajectory and
accurately classify the resulting segments, and we summarize the output in relation to
the ground truth data in table 3.1. Because of the high variance in the timeseries, we
do not expect our algorithm to output a set of change points which is identical to the
ground truth, but rather a set where each candidate change point is close to a ground
truth element. For this reason, we average the precision and recall scores over a range of

tolerances.

Langevin Trajectory

Next, we investigate the application of our algorithm to a sample Langevin trajectory.
The energy landscape governing the particle trajectory has two distinct wells, centered
at +1 and —1 with a barrier between the two which we can think of as regulating how

difficult it is for the particle to transition from one state to the other. The trajectories
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Figure 3.2: Detecting change points in an idealized setting. We generate a synthetic data
set by sampling from a fixed Laplace distribution with mean 100 and variance 20, and
one with mean 200 and variance 20 in an alternating pattern. We simulate transitions
between the two states by sampling from the Wasserstein geodesic (McCann interpolant)
between the two states; change points are superimposed on the trajectory as red dashed
lines.

were simulated using OpenMM [ESC*17| with particle mass set to lamu, temperature

set to 500K, and damping coefficient of 10ps~!.

We observe that after segmenting the trajectory with our algorithm and clustering
via ADPC, three distinct states are identified, with one corresponding to each well, and

the third capturing the transition between the two metastable states.

Particle in a Prinz Potential

Increasing the complexity of our example now, we apply our method to a particle tra-
jectory in a Prinz potential. The trajectory is qualitatively similar to the previous Prinz
trajectory — there are four wells in the energy landscape that the particle can move
between, with the height of the wall between each neighboring pair of wells differing

somewhat. The trajectory is generated by an integrator of Euler-Maruyama type, with
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Figure 3.3: Segment cluster labels are learned in an unsupervised manner using the
clustering by advanced density peaks algorithm. In this case, the clustering scheme
identifies both metastable states and outputs a separate label for the transition regions.
Parameters used to obtain this clustering were w = 25, ¢ = 0.95.

Figure 3.4: Toy Laplace-based Trajectory Segmentation and Clustering
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Figure 3.5: To compare our results against standard “off-the-shelf" clustering methods,
we cluster our data set with K-means. The resultant clustering fails to reflect the variance
of the true underlying distributions and exhibits hard dividing hyperplanes.
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Figure 3.6: Empirical distributions of the clusters in the toy data set learned by segment-
based clustering with ADPC.
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Empirical distributions of the clusters in the toy data set learned by K-means.
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Figure 3.8: The first 25,000 steps in a Langevin trajectory annotated with detected
change points.
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Figure 3.9: Segment based clustering of a Langevin trajectory using advanced density
peaks clustering. Parameters used to obtain this clustering are w = 215, ¢ = 0.86.

Figure 3.10: Langevin Trajectory Segmentation and Clustering
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Figure 3.11: Empirical distributions of clusters in the Langevin trajectory data set iden-
tified by segment-based clustering with advanced density peaks clustering
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Figure 3.12: To compare our results against standard “off-the-shelf” clustering methods,
we cluster our data set with K-means. The resultant clustering fails to reflect the variance
of the true underlying distributions and exhibits hard dividing hyperplanes.
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Figure 3.13: Empirical distributions of the clusters in the Langevin data set learned by
segment-based clustering with ADPC.
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Figure 3.14: Empirical distributions of the clusters in the Langevin data set learned by
K-means.
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Figure 3.15: Trajectory of a particle in a Prinz potential annotated with detected change
points.
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Figure 3.16: Trajectory of a particle in a Prinz potential clustered via segment-based
clustering with a advanced density peaks based clustering. The top four clusters by pop-

ulation are colored, while all points outside of these clusters appear in grey. Parameters
used to obtain this clustering were w = 16,q = 0.5.
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Figure 3.17: Empirical distribution of the top four clusters in the Prinz potential data set
identified via segment-based clustering using advanced density peaks based clustering.
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Figure 3.18: Empirical distributions of the clusters in the Prinz data set learned by
K-means.

potential

V(z) =4 (xs +0.8¢7%07 4 0.2 009" 4 0.56—40<z+0~5>2) ,

and driven by the equation

hVV(z,) | [20KT

Ti41 = Ty — N
md md

where 1, ~ N (0,1) [HSH*21].

After segmenting the trajectory with our algorithm and clustering the segments via
ADPC, we find that five states are identified, one corresponding to each distinct well in
the landscape, and an additional one that seems to correspond to the transition region

between the two wells with the lowest barrier to transition.
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Figure 3.19: Structure of Ace-Val-NMe, annotated with backbone dihedral angles.

3.4.2 Molecular Dynamics Trajectories

We now turn our attention to simulated molecular trajectories for Ace-Val-NMe (valine
dipeptide, or VDP) which were generated with the GROMACS molecular simulations
package [AMS*15]. Typically, VDP trajectores are modeled via Markov State Modeling
techniques [BPN14|, where the data is clustered using a technique like PCCA++ [RW13],
and then a reversible transition matrix is estimated based on the cluster identifications.
Such trajectories are well-studied in the computational chemistry community and are
commonly used for benchmarking algorithms in that domain [DML21]|. Modern machine
learning techniques are also employed to model these trajectories, wherein an optimal
basis of nonlinear functions to describe the model is found via deep learning [MPWN18§|,
[WN20]. Although these trajectories are simulated with several dozen spatial dimensions
(VDP contains 28 atoms and hence in principle requires 84 dimensions to express the
coordinates of each atomic position), corresponding to the atoms which constitute the
molecule, it is well-known that the dimension of a VDP trajectory can be reduced down
to d = 3, by tracking the so-called “dihedral” angles, known as ¢, ¥, and y, which are
periodic and hence the trajectory can be embedded onto the 3-torus.

Consequently, this means that our approach must now be applied to a setting which
is non-Euclidean. This does not in principle impose a change to our approach, but it does
mean that we can no longer rely on (2.11) for a computational boost, and instead we
must deal with transport costs on the circle [HKM22|. Our segmentation method allows

ADPC to identify 9 distinct clusters which are clearly separated.
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Another data set of interest, and one which is, like VDP, commonly used for bench-
marking MDS algorithms, is Ace-Ala-NMe (alanine dipeptide, or ADP). Unlike our pre-
vious data sets, ADP provides difficulties for our approach because of the rapid way it
transitions between its metastable states, resulting in an undersampling problem. By
this we mean that among the collection of metastable states of interest, some appear
infrequently and for short bursts of time, and even when trying to identify change points
by hand for small portions of the trajectory, we find that segments contain sometimes as
few as a dozen points. As discussed earlier, this would imply that it is necessary to take
a very small window size w to avoid windows which contain multiple distinct states for
a given angle, but of course choosing a w small means that the segments we see tend to
be poor empirical representations of any cumulative distribution function.

Thankfully, VDP is a somewhat more cooperative MD trajectory, as we can observe in
the relative stability of each of its angular trajectories. The 9 most signficantly populated
clusters identified by our pipeline are clearly separated and account for approximately
82% of the total data, with the remainder belonging to still smaller clusters. Because
VDP does not experience the slow and frequent transitions that ADP does, the cluster
separation obtained for the VDP data set is much cleaner and is also readily apparent
when examined at the componentwise level. Looking at the individual components of the
VDP data, we see that the pipeline is identifying relatively subtle differences between
states which are consistent in their appearance but with overlapping support. This is
most pronounced in the ¢ angle, where the algorithm identifies 3 distinctive clusters
supported in the vicinity of [—60,60] and 3 more distinctive clusters supported in the

vicinity of [60,210].

3.4.3 Underwater Acoustics

Our real-world data set comes from an experiment conducted by the Naval Research

Laboratory [TFS16]. For this experiment, two underwater speakers were towed behind
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Figure 3.20: VDP dihedral angles labeled via segment-based clustering with circular
optimal transport. Each angle is put through the process of CPD and segment clustering.
Then clusters are combined componentwise to produce a final labeling.
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Figure 3.21: Valine Dipeptide Clustering
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Figure 3.22: Comparison between the componentwise angles of ADP and VDP. Our
algorithm struggles to handle ADP, as it bounces back and forth between states very
rapidly, with a large amount of overlap between states, something which is particularly
pronounced in the v angle of ADP (top right). VDP is a more tractable data set for us
because of the cleaner and longer-lived changes.

a vessel emitting four distinct signals, each repeated twice, over the course of 9 seconds.
Three of these samples were linear frequency modulations (LFM), wherein the signal
starts at one frequency and increases linearly to another terminal frequency, and one was

a continuous waveform.

We find that a modification of our algorithm applied to the spectrogram of the data is
able to identify a suitable selection of change points for the samples. The simplification of
our approach in this setting occurs because computing the spectrogram of a signal such
as this naturally results in a sequentially ordered set of power spectral densities. This dif-
fers in character from the reduction that occurs in mapping the high-dimensional atomic
coordinate representation of VDP onto the 3-torus. In that case, there is a one-to-one
correspondence between samples represented in full atomic coordinates and samples rep-
resented by dihedral backbone angles. In the case of our underwater acoustics experiment,

a different sort of compression occurs. Rather than computing the Wasserstein distances
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between the sampled voltages read by an analog-to-digital converter, we instead use a
short-time Fourier transform (STFT) to examine the change in the frequency domain
content overtime. The spectrogram obtained by computing the STF'T of the raw voltage
data, using a Tukey window with a shape parameter of 0.25 [VGO™20], is an array where
the columns represent the distribution of frequency content in the signal over some win-
dow of time, while the rows represent the concentration of frequency content for a certain
band of frequencies over time. The resolution of the spectrogram is a function of the
number of samples per window used in the STFT; in this case, we use n = 512. Overall
this results in a significant reduction in the number of Wasserstein distances computed,
since rather than sliding across every sample of the raw data, we now simple compute
the Wasserstein distance between contiguous columns of the spectrogram. In 3.4.3, the
raw number of samples in the time domain is 421, 848, but the number of power densities
to compare after computing the spectrogram is just 941. Because ground truth data is
available, we also produce a table of precision and recall scores for our algorithms output
as we did for the artificially generated toy-data set, with the slight modification that the
tolerance now scales with number of samples per Fourier window, which is here taken
to be n = 512. The sampling rate of the data is 11718 samples per second, thus the
corresponding tolerance range can be interpreted as detecting a change within roughly

0.1 — 1.0 seconds.

Underwater Acoustics Data Precision & Recall
# True | # De- | Precision Recall Max Prec. | Max Re-
CPS tected call
CPS
31 36 0.513 0.597 0.694 0.806

Table 3.2: Table

of precision and recall scores for the underwater acoustics data set.

Precision and recall are averaged over tolerances of tol = 1536, ...,12800
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Figure 3.23: Underwater Acoustics Data annotated with detected change points. The
parameters for this modified version of the algorithm are a windowsize of n = 512 for the
short-time Fourier transform and g = 0.96.

3.5 Discussion & Conclusion

In this work, we have investigated the use of the Wasserstein metric as a tool for iden-
tifying change points in time series data and for clustering large data sets by lifting the
problem into the space of distributions so that points can be considered as a part of a
larger segment, thereby reducing the number of pairwise computations needed to form
the similarity matrix. Our work extends previous considerations of the approach by re-
moving parametric assumptions on the statistical structure of the data, and expanding
the space of relevant data sets amenable to transport-based change point detection to in-
clude multi-dimensional data. We circumvent the curse of dimensionality by performing
our change point detection and clustering on each component of the data set.

In the future, this work could be extended by taking an approach to the clustering
aspect of the problem which is more harmonious with the transport driven framework for
the segmentation. In particular, one could leverage the geometry of Wasserstein barycen-
ters to implement a K-means type algorithm, or potentially adapt a variation of density
peaks-based clustering into the Wasserstein space. This approach would likely involve

entropic regularization of the Wasserstein distance, due to the computational complexity
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involved in computing Wasserstein barycenters. Also of interest is the optimization of the
parameter choices w and ¢. Elsewhere in the literature the problem of choosing an opti-
mal window size for CPD algorithms based on the Kolmogorov-Smirnov test have been
considered, and similar pursuits might be considered in the context of Wasserstein-based
algorithms.

Furthermore, it is of interest to harmonize this approach with the Markov state mod-

eling approach which is prominent in the computational chemistry community.
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Regularized W5 Barycenters on

Discrete Metric Spaces

“He began then, bewilderingly, to talk about something called entropy.”

— Thomas Pynchon, The Crying of Lot 49

68



4.1.

INTRODUCTION

69

Chapter Overview

This chapter represents a first pass at implementing a barycentric cod-
ing model for measures supported on graphs, and it is largely superseded by
Chapter 5'. We apply entropically regularized L?-Kantorovich geometry to
the setting of a discrete metric space, where the cost functions are given by
different choices of graph metric, which capture varying levels of connectivity
information. We find that despite the degeneracy of the Monge-Kantorovich
geometry in the case of discrete metric spaces, regularized transport leads to
geometric objects (e.g., geodesics and more generally barycenters) which con-
vincingly resemble what one would expect from a transport-like geometry on
the space of probability distributions defined for a network. We consider both
synthesis (combining measures with respect to the regularized L2-Kantorovich
geometry) and analysis (decomposing signals with respect to fixed reference
measures) on real geography data, demonstrating the utility of our approach.

Our code is available on GitHub?.

4.1 Introduction

At this point in the development of data-driven scientific methods, the significance of

network-structured data hardly bears remarking upon. Graphs arise naturally in models

of social networks, discrete resource distribution, and segregation patterns [SMD*19b],

and there is growing interest in signal processing methods when the underlying space

lacks a continuous structure [SMD7*19a]. In the past three decades, the topic of opti-

mal transportation has become increasingly popular due (at least in part) to its myriad

connections with a variety of mathematical fields (e.g., analysis, probability, PDE)[Vil09,

FG21, ABS21], and its applications for problems in machine learning (ML) via, for ex-

!This chapter is based on a paper co-authored with James M. Murphy, [GM25]
Zhttps://github.com/dcgentile/fixed-support-barycenters
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ample, Wasserstein GANs [ACB17] or the barycentric coding model (BCM) [WJT+22].
While optimal transportation has proven to be a font of ideas giving rise to analytic
techniques which have lead to developments in these fields and many others, applications
of these ideas to the network setting have proven somewhat tricky, often relying either on
restrictive assumptions about the nature of the networks in question [Sol18], or requiring
abstract machinery leading to cumbersome numerical methods [ERSS20| and hence with

as-of-yet limited use.

4.1.1 Summary of Contributions

Here, we apply some work originally developed by |[BPC16] together with a family of
graph metrics which in some sense encode connectivity to implement a version of the
barycentric coding model for probability measures, a scheme for encoding probability
measures as weighted geometric averages of a given family of “reference” measures in the
L?-Kantorovich geometry, and we find that we are reliably able both to synthesize and

analyze measures using these tools in a way which resembles the spirit of transport.

4.2 Computing W, Barycenters via Entropic Regular-
ization

We start by quickly recapping the relevant material from Chapter 2. Letting (£2,d) be
some metric space, ¢ : 0 x @ — Rt be a cost function, and u, v € P(£2) be probability
measures on {2 , the Kantorovich problem is to find a coupling v of i and v (i.e., proba-
bility distributions on the product space €2 x () having marginals given by p and v, the

set of which is denoted II(y, v)) which solves

or(ur)i=ut{ [ ca) dvirenun |
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When ¢ = dP, for some p > 1 the p'* root of the value of the Kantorovich problem is
known as the LP-Kantorovich metric and is denoted by W,. The L?-Kantorovich metric,
in particular, induces a rich geometric structure in the space of probability measures, and
of particular interest are geodesic curves and gradient flows in this geometry [JKOO98|.
Specifically, it offers a method of comparing probability distributions in a way that re-
spects the underlying geometry of the base space. For example, if two probability distri-
butions have disjoint support, the L? distance between them will be invariant, no matter
where the (disjoint) supports lie; on the other hand, the Kullback-Leibler divergence will
be infinite, and yield essentially no information at all. Because the L2-Kantorovich ge-
ometry preserves geometric information about the space on which the distributions are
supported, it is a natural tool of interest for studying the dynamics of distributions on,

for example, a fixed geographical region.

It is an unfortunate fact, however, that the Kantorovich problem leads to a degenerate
geometry when the underlying metric space is discrete. The geometry so induced is one
in which there are no non-trivial geodesic curves. While this problem can be tamed by
approaching from a frame of reference beginning with the celebrated Benamou-Brenier
formula, and suitable choices and assumptions will lead to the analagous results one
might hope to see [Maall|, the computational tools required for working in this regime
are totally distinct from the popular methods we will describe below, and are much harder

to implement|ERSS20).

The Kantorovich problem is a linear program, and when the distributions have finite
support, standard convex optimization techniques may be employed to identify optimal
couplings. Although polynomial in time, algorithms for solving such linear programs
have poor scaling, roughly cubic in the support of the measures; however, a convex reg-
ularization of the problem, obtained by simultaneously computing the Kullback-Leibler
divergence of a given coupling and the product coupling, converts this linear program

into a strongly convex one. Consequently, a host of new tools become available from the
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realm of (strongly) convex analysis, and this results in a dramatic speed-up, shaving off
an entire order of magnitude in compute time [Cutl3]. If we fix €,., > 0 and suppose
that pu = % 0y, V = 'M B;d,, and take C' to be a matrix whose entries are given by
Cij = dQ(xZ:;j), one Wrié; for the entropy-regularized transport problem,

OT.,.,(u,v) :==inf {{y,C) + e H(7)}

where (-, -) is the Frobenius inner product on matrices and
H(y) = - Z%‘,j(log%‘,j —1).
ihj

In the limit of &,,;, — 0T, we recover the optimal transport cost associated with the
measures y and v [BCCT15]. Without regularization, the optimal plan is simply a per-
mutation matrix, assigning one point in the first distribution to another in the second;

with regularization, diffusion is introduced from the entropic term. Now, given p refer-

p

ence measures {v;}_, C P(Q2) and a point in the p-simplex A\ € AP~1 a barycenter in

the L?-Kantorovich metric is a minimizer of the variance functional
p )\
J\(v) = Wi v, y;).
) = 3 W)

The theory of Wy barycenters was first explicated in [AC10], wherein the authors demon-
strate existence and uniqueness for the case of distributions which are supported on
) = R?, and it supplies us with a notion of geometric mean with respect to the L2-
Kantorovich geometry. In that paper the authors also show that for the case of p = 2
W3 barycenters coincide exactly with the McCann interpolation of measures [McC97|,
i.e., for A = (t,1 — t), we recover the unit speed geodesic between the two reference
measures in the L2-Kantorovich geometry. Thus W, barycenters give us a notion of mea-

sure interpolation which respects the underlying geometry of the domain, as illustrated
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in figure 4.1 — with the L?-Kantorovich geometry, there is a “continuous” movement of
mass from one position to the other, whereas in the L? geometry the mass is “teleported”

between its initial and terminal configurations. The computation of W, barycenters is

- "M,,’ N

8 WW, :

- Mo =
i

| -

0 20 40 60 80 100 0 20 40 60 80 100

Figure 4.1: Left: McCann Interpolation of Gaussian measures. Right: L? Interpolation
of Gaussian measures

in general an NP-hard problem [AB22|, but once again entropic regularization makes
the computation of regularized barycenters feasible, particularly the realization that they
may be computed via Bregman projections [BCC*15, BPC16]. Finally, the barycentric
coding model for measures in the L?-Kantorovich geometry is the problem of identifying

a suitable “barycentric basis set” of measures such that

Bary({v;}}_,) = {v : v solves inf {J,} for some A € AP~}

adequately represents a dataset comprised of measures. For the BCM, there are two es-
sential operations which are necessary: the so-called “synthesis” and “analysis” problems.
For the former, we mean the problem of computing the barycenter v* of a given family
of reference measures {;}!’_, for a given weight vector A € AP~! and for the latter we

mean finding, for a given family of reference measures and a target measures v, a weight
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vector A\* such that v is the barycenter of the v; with weights A*. One can think of
this as a starting point for a kind of principal component analysis in the L2-Kantorovich
geometry — although there is no linear structure on the space, W5 barycenters give a
way to encode a family of measures as the “barycentric combinations” of a finite family
of measures. The problem of identifying suitable basis measures is also of interest, but

not the primary concern of this work.

Since the essence of the L?-Kantorovich geometry follows from the metric structure of
the underlying space, we should take care to specify what the precise metrics of interest
are on our networks. For the remainder, let X = (V, E) be a graph with vertex set V'
and edge set E C V x V, and let w: E — RT be a weighting of the edges. The shortest

path metric on X will be defined to be

d(ua U) := inf {Z Wi ikt }
k

where the infimum is taken over all uv walks. If |V| < +oo, then the shortest path
between any two nodes can be computed in O(|V|?) via Dijkstra’s algorithm [CCPS97].
An alternative metric on the nodes is given by the so-called diffusion distances, a family
of metrics parameterized by ¢t > 0, and which intuitively measures the likelihood that
a random walker on the network traverses from u to v in time ¢ [CL06, CLL*05]. Fix
t > 0, let @ be the natural Markov transition matrix induced by the structure of the
graph, that is,

0, = deg(i)~ if (i,7) € £ (1)

0 otherwise

and let 7 be the steady state distribution, i.e., the eigenvector of () with unit eigenvalue,
and let p(y,t|z) be the probability of a random walker landing on node y t steps after

landing on node x. Then the (squared) diffusion distance between nodes u,v € V' at time
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t is given by

df(u,v) _ Z (p(w,t|u) —p(w,t\v))Q.

m(w)
As we see in figure 4.2, as t — oo, the diffusion distance between a given node and its

neighbors decreases in a way reminiscent of heat dispersion on the graph.

300
200

100

Figure 4.2: Color intensity represents the cost of moving from one fixed node (Maine).
Upper left: squared shortest path metric; Upper right: squared diffusion metric at ¢t = §;
Lower left: squared diffusion metric at ¢t = 32; Lower right: squared diffusion metric at
t=1024

4.3 Methodology & Numerical Results

Following [BPC16|, we use gradient descent to compute barycenters of measures defined
on a fixed-support, with the cost matrix realized by 1) the shortest path metric in-
duced by the connectivity of the graph and 2) the diffusion distances between the nodes

for various values of ¢. In other words, fixing a graph, a family of reference measures
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{v;}’_,, and a prescribed set of barycentric coordinates A = (A1,...,A,), we compute
the measure v* which minimizes J,. With v* in hand, we then attempt to recover the
prescribed coordinates . The network is defined by the 48 contiguous states of the U.S.3,
and demonstrates irregular connectivity (i.e., the degree of the vertices is not constant).
Correctness is assured in our computations because the algorithm laid out in [BPC16|
simultaneously computes an approximation of the regularized barycenter and the optimal
barycentric coordinates for barycentric representation over the dictionary set, and we can
check directly that the recovered coordinates of the output barycenter match the input

coordinates.

Now, let © be the barycenter with coordinates Abea step along our sequence of iterates
in the gradient descent scheme. In minimizing the “barycentric loss” of the coordinates
A during the process of coordinate recovery (that is, the difference between 7 and the
target barycenter v*), a choice of loss function must be made. Suitable choices are the
L' and L? norms, the Kullback-Leibler divergence, and the total variation between the

measures — here we choose the L? norm for the loss.

In figures 4.3, 4.4, and 4.5, we solve both the analysis and synthesis problems for
some chosen measures on the network. In figures 4.3 and 4.4, we have two measures
which are concentrated in disparate geographical regions, and using this transport-like
interpolation, transport mass from one locale to the other. Interpreting this geodesic as
having barycentric coordinates (t,1 — t), we check our ability to recover the coordinates
for t = 1/3,2/3 and find that we do so with modest error. In figure 4.5 we append
an additional reference measure, concentrated away from either of the other two, and
synthesize a barycenter as an uneven transport-like interpolation of the three. As with

the geodesic, the algorithm accurately recovers the input coordinates.

We observe natural-looking barycenters arising, particularly for the case p = 2, corre-

sponding to geodesic curves in the space of probability measures, and that the barycentric

3https://hub.arcgis.com/datasets /usdot::states/
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coordinates of these synthesized measures are accurately recovered, with degeneracy oc-

curring in the limit as &,¢, — 0%. In figures 4.3 and 4.4 we see that the geodesics induced

Reference Measure Reference Measure

N\ ‘g"' 0.10 N\ ) 0.08
T N L
\!""Aﬂi"\é v 0.08 ""‘Q".\g 4 0.06
ANV Ne, 0.06 " U/ NE,
\‘!A‘ "‘\? \N‘ "‘ \g 0.04
‘at ‘ 0.04 ‘nt ‘ 0.0
0.02
Actual Coordinate 0.33: Actual Coordinate 0.66:
Recovered Coordinate: 0.3216 Recovered Coordinate 0.6599
0.125
0.100
0.075
0.050
0.025

Figure 4.3: Transport-like interpolation of measures on graph, with cost given by squared
shortest-path distance, e,., = 0.125; Upper left, right: reference measures, lower right:
computed geodesic with weights (1/3,2/3); lower right: computed geodesic with weights

(2/3,1/3)

by this transport-like geometry inherit the diffusivity of the ground metric. It is inter-
esting that strictly speaking there is no direct access to edge/connectivity information in

these metrics, yet we still obtain a motion that has a “continuous” appearance.

4.4 Discussion

Our experiments demonstrate that despite the degeneracy of the L?-Kantorovich geome-
try in the graph setting, a measure interpolation that respects the geometry and connec-
tivity of a graph can still be achieved via a combination of entropy-regularized optimal

transportation and choice of suitable ground cost, and indeed that the BCM may be de-
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Reference Measure Reference Measure
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Actual Coordinate 0.33: Actual Coordinate 0.66:
Recovered Coordinate: 0.3200 Recovered Coordinate 0.6600
0.08 0.125
0.06 0.100
0.075
0.04
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0.02
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Figure 4.4: Transport-like interpolation of measures on graph, with cost given by squared
diffusion distance, ¢ = 16, £,., = 0.125; Upper left, right: reference measures, lower right:
computed geodesic with weights (1/3,2/3); lower right: computed geodesic with weights

(2/3,1/3)

Reference Measure Reference Measure

0.10
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Barycentric Coordinates (0.50, 0.30, 0.20)
Recovered: (0.5010, 0.3004, 0.1986)
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Figure 4.5: Transport-like barycenter of measures on graph, with cost given by squared
diffusion distance, ¢t = 16,e,¢, = 0.125; Upper left, upper right, lower left: reference
measures, lower right: computed barycenter with weights 0.5,0.3,0.2), and recovered
coordinates (0.5010, 0.3004, 0.1986)
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ployed both for measure synthesis and decomposition in this setting. This is a promising
baseline for the development of transport-based signal processing tools on networks. As a
matter of future work, it is of interest to develop an algorithm that can learn an optimal
set of dictionary atoms for measure representation in the barycentric coding model. It is
also of interest to investigate any possible relationship between barycenters obtained via
regularization of the Kantorovich problem and those that respect the formal Riemannian
structure on the probability simplex induced by the Benamou-Brenier approach to net-
work transportation, where the transport-like geometry so developed depends directly on

the graph structure.
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Static and Dynamic Approaches to
Computing Barycenters of Probability

Measures on Graphs

“Everything that matters is finite”

— billy woods
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Chapter Overview

The optimal transportation problem defines a geometry of probability
measures which leads to a definition for weighted averages (barycenters) of
measures, finding application in the machine learning and computer vision
communities as a signal processing tool. Here!, we implement a barycentric
coding model for measures which are supported on a graph, a context in which
the classical optimal transport geometry becomes degenerate, by leveraging
a Riemannian structure on the simplex induced by a dynamic formulation of
the optimal transport problem.

We approximate the exponential mapping associated to the Riemannian
structure, as well as its inverse, by utilizing past approaches which compute
action minimizing curves in order to numerically approximate transport dis-
tances for measures supported on discrete spaces. Intrinsic gradient descent is
then used to synthesize barycenters, wherein gradients of a variance functional
are computed by approximating geodesic curves between the current iterate
and the reference measures; iterates are then pushed forward via a discretiza-
tion of the continuity equation. Analysis of measures with respect to given
dictionary of references is performed by solving a quadratic program formed
by computing geodesics between target and reference measures. We compare
our novel approach to one based on entropic regularization of the static formu-
lation of the optimal transport problem where the graph structure is encoded
via graph distance functions, we present numerical experiments validating our
approach?, and we conclude that intrinsic gradient descent on the probabil-
ity simplex provides a coherent framework for the synthesis and analysis of

measures supported on graphs.

!Contents of this chapter are based on a paper co-authored with James M. Murphy, [GM26].
2Library and code for reproducing experiments is available at
github.com/dcgentile/GraphTransportation.jl
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5.1 Introduction

The purpose of this chapter is to propose and implement a barycentric coding model
for data which can be represented as probability measures on a graph > . The change
of setting from a continuous domain to a discrete one poses some interesting technical
challenges. The L2-Kantorovich metric becomes degenerate when the underlying metric
space is discrete, and immediately renders the aforementioned work on barycenters of
measures inapplicable [Maall]. Nevertheless, since the early 2010s, transport metrics for
probability measures on graphs have been constructed and studied [Maall, CHLZ12|,
and it has been shown that these discrete transport metrics do indeed bear real relation
to the classically studied L2-Kantorovich metric for measures supported on R¢ — in
particular, it is known that, for a sequence of suitably constructed graphs & appropriately
chosen admissible mean, the discrete transport metric converges in the sense of Gromov-
Hausdorff to the classical L2-Kantorovich distance on R?, as the graphs become finer and

finer approximations of Euclidean domains [GKM20, GM13, EM12].

In order to achieve our implementation, we leverage the Riemannian structure of
transport on discrete metric spaces, along with previously developed numerical routines
for approximating geodesics in such a setting [ERSS20]. The momentum information
associated to discretized energy minimizing geodesics is interpreted as an oracle for the
inverse of the exponential mapping. Then, barycenters, characterized as minimizers of
a certain variance functional which is convex in the Euclidean geometry, are synthe-
sized using an intrinsic gradient descent approach, where movement on the simplex is
approximated by a continuity equation-inspired heuristic, while analysis of barycenters
is performed by solving a finite dimensional quadratic program formed by approximating
the inverse of the exponential mapping based at the target of the analysis. We find that

our algorithms are consistent in the sense that synthesizing a barycenter of given refer-

3In this work, all measures considered are probability measures, potentially with respect to a fixed
reference measure, and having total mass 1, although we may occasionally drop the modifier “probability”.
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Figure 5.1: A schematic of the barycentric coding model for measures supported on
a graph. At the extremal points of the simplex, which correspond to the vertices of
the triangle, are the reference measures; away from the extremal points are barycentric
interpolations of the reference measures for certain weights A. The coordinates recovered
by solving the analysis problem are displayed and labeled with ;\, to 3 significant figures.
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ence measures and coordinates and then analyzing the output measure with respect to
the reference measures leads to accurate recovery of the given coordinates.

Our experiments indicate that studying the theoretical convergence properties of algo-
rithm may be a fruitful avenue for future research, as we observe consistent convergence
of our synthesis routine. Concrete directions in this area include giving characterizing
how strongly convex the graph-transport distance W is, identifying L > 0 such that the
variance functional can be said to be L-smooth, or if the variance functional satisfies a
Polyak-t.ojasiewicz inequality. Any of these characterizations would yield information

that could lead to theoretical guarantees about the convergence of our descent scheme.

5.1.1 Structure of the chapter

The structure of this chapter is as follows. In Section 2, we provide the essential back-
ground information concerning graphs, optimal transport, transport on discrete metric
spaces, and Riemannian optimization. In Section 3, we explicate the algorithms used to
implement the barycentric coding model on graphs. In Section 4, we present our numer-
ical results. We conclude with a discussion in Section 5, and outline future directions for

improving this work both from theoretical and practical points of view.

5.2 Background

5.2.1 Relation to the Literature

Let us briefly recap the development of barycenters in the L?-Kantorovich geometry (also
known as the Wy geometry) and optimal transport methods for measures on graphs, as
well as highlight some alternatives to the one which serves as our focal point. For the
granular details of optimal transport, we refer the reader to any of the excellent textbooks
on the subject, such as [ABS21, FG21, Vil09, Sanl5|; in Section 2.2 we recall the most

essential definitions and results for understanding of this work.
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The particular subdomain of optimal transport which will be of interest to us in this
work concerns Wy barycenters, a construction first introduced in [AC10], wherein the
authors demonstrate that under mild regularity assumptions on a collection of measures
supported on R? a unique weighted center of mass can be defined for the measures.
In [KP17], it was shown that the construction can be extended to the non-Euclidean
case, where measures are supported on a Riemannian manifold. W, barycenters have
since attracted much attention in the optimal transport community. Computationally,
it was shown in [BCC*15] that entropic regularization (see Section 2.3.2 for discussion
of entropic regularization) allows barycenters of discrete measures to be approximated
quickly via Bregman projection methods, and in [AEACM16] a fixed-point method is
applied to obtain rapid convergence to barycenters when all the measures under consid-
eration are Gaussian. Outside of special cases however, W5 barycenters are generally hard
to compute [AB22]. W, barycentric coordinates were introduced for histogram data in
[BPC16]. A similar regression scheme exists when the measures are absolutely continu-
ous [WJT*22]. The statistics of W5 barycenters have also been of interest [ZP19, PZ20].
Recently stochastic gradient descent in the W5 metric has been applied to approximate
Wy barycenters [BFRT25|. This method is similar to ours in spirit, but the distinc-
tion between continuous and discrete domains makes them essentially different in their
implementation and background. Recently a unified framework for studying first-order
optimization methods in the Wasserstein space was presented in [LBD25|, yielding results
on necessary and sufficient optimality conditions for constrained optimization problems

in the W5 geometry, in particular justifying “set the gradient to zero” approaches.

In [JCG20], the smoothing bias introduced by the reference measure used to define the
entropic regularization of the W5 geometry was studied resulting in the definition of the
debiased Sinkhorn barycenter, as a compromise preserving the usefulness of fast Sinkhorn
iterations for barycenter computations while eliminating the smoothing introduced by the

regularization. The debiased Sinkhorn divergence was further explored in the context of



86 Chapter 5

the barycentric coding model in [MMA25]|, where the synthesis and analysis problems
are characterized as solutions to a fixed point of the weighted average of certain regular-
ized displacement maps and solutions to finite-dimensional convex quadratic programs
respectively. Linearization of the barycentric coding model (LBCM), where the problem
is lifted into the tangent space at a fixed reference measure, was considered in [MDC20]
as well as [WMAM25|, with particular attention paid to the case of compatible measures;
additionally, a suitable family of reference measures is identified such that the LBCM
is capable of expressing all probability measures on the closed unit interval. Regularity
of entropy-regularized barycenters was explored in [CEK21|, where an elliptic system
of Monge-Ampére equations is employed to establish existence and uniqueness, bounds
on moments and the Fisher information of the barycenters, and to perform asymptotic
analysis, obtaining a central limit theorem and law of large numbers for barycenters of

empirical measures.

Also of special interest to us is recent research on optimal transportation of measures
which are supported on graphs, instead of R?. The earliest work in this direction are
the approaches developed in parallel by [Maall| and |[CHLZ12|, wherein a Riemannian
structure is constructed for the simplex, inspired by the fluid dynamics formulation of the
classical optimal transport problem. This approach has been expanded on in recent years.
For example, it has been used to define a notion of discrete Ricci curvature for Markov
chains [EM12|. The so-called Gromov-Hausdorff scaling limits of this construction, where
the graph is interpreted as a coarse representation of some continuous metric space, have
been investigated and found, under certain technical assumptions, to be consistent in the
limit with the classical L?-Kantorovich metric [GM13, GKM20]. Attention has been given
to the underlying Hamilton-Jacobi dynamics of the geodesics in this discrete transport
geometry [EMW19, GLM19|, and many classical objects from Riemannian geometry, such
as the Christoffel symbols and the Riemannian curvature tensor have been computed

[Li22]. We also point out that other approaches to the problem of continuous flows in
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the space of measures on graphs have been developed [SRGB16|, as well as approaches
inspired by the Beckmann problem [RKMC25|, the notion of circuit resistance [RWC24],
and vector-valued transport for measures supported on spaces which are products of

Euclidean spaces and graphs [CTN25|.

Finally, let us highlight a few papers in the domain of Riemannian optimization.
Riemmanian optimization is a broad field of active interest to the applied mathematics
community. The particular problem of finding the Riemannian center of mass via intrinsic
gradient descent was considered in [Afs11], and further investigation into the algorithm’s

convergence properties was made in [ATV13].

5.3 Algorithms

5.3.1 Overview

We now present our approach to realizing the barycentric coding model for measures on
discrete metric spaces. Synthesis is accomplished by minimizing the discrete variance
functional (2.15) via intrinsic gradient descent in the YV metric. To be able to actually
implement this minimization scheme we need to be able to do two things: evaluate
the exponential map in order to push our iterates forward, and we also need to be
able compute the intrinsic gradient of the functional at point. Analysis turns out to be
significantly easier, because all we need to do in this case is form the Gram matrix (2.10)
and minimize it with an off-the-shelf optimization library, such as CVX [GB14, GBO0S|.
Forming the Gram matrix requires approximating the inverse of the exponential map
at the target measures v for each of the reference measures. This can be accomplished
as a direct by-product of approximating the distance between the target and reference

measures using the algorithm outlined in [ERSS20|, as we will explain below.
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5.3.2 Computation of Optimal Transport on Discrete Spaces

Having discussed the discretized transport metric on P(X), a natural question to ask
is whether or not that distance can actually be computed in practice for a given graph
and pair of measures. The answer to this is that while analytic computations of the
distance are out of reach in general, at the least an approximation of the distance can

be computed numerically. We recap here some essential definitions, constructions, and

results from [ERSS20].

The insight in [ERSS20] is to proceed via Galerkin discretization in time of the discrete
continuity equation. By first constructing an appropriate discrete analog to the graph-
transport metric, it is shown via a I'-convergence technique that this discretization of the
distance function converges to the true distance function in the limit of small step size.
To that end, the following definitions are needed. Divide the unit interval [0,1] into N

Lt

subintervals I; = [t;, t;11) with uniform step size h = = ih and define the following

2

sets:

Vi = {wn € C°([0,1],RY : ¢y |y,) is affine Vi =0,..., N — 1},
= {@Z)h [0,1] = RY : 4|, is constant Vi = 0,..., N — 1},
h = {¢h [0,1] = RY™Y 1 4y, is constant Vi = 0, . —1}.

We can think of these sets as representing, respectively: piecewise linear curves in the
space of functions on X', their piecewise constant weak derivatives, and piecewise constant

curves in the space of vector fields on X.

Definition 5.3.1. The set of solutions to the discretized continuity equation for given
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boundary values p4, pg € R? is given by

CE(pa, p) = {(onmn) € VL, x VO, 5

hZ<ph B +divah<ti,->’¢h<ti">> =0%n € Vi)
=0 .

An example of such a weak solution is shown at a high level in Figure 5.2. The Galerkin

discretization of the metric VW is defined by the expression

Wﬁ(pflv PB) = inf {gh<pv m) = A(pa m) +Icgh(PA:PB)(p7 m)} .

The major analytic result of [ERSS20] is reproduced below, and in words asserts that

taking h — 0, one recovers the discrete transport metric W.

Theorem 5.3.2 (|[ERSS20|, Theorem 3.6). Let pa, pp be fized temporal boundary condi-
tions. Then, the sequence of functionals (&) T'-converges for h — 07 to the functional

E with respect to the weak* topology in M([0, 1], RY x RY*Y).

An appropriate inner product can be defined so that the set H =V}, x (V2,)*x (V;)},)?

is a Hilbert space. Then, well-chosen slack variables are introduced so that the problem of
computing Zeg, (p4,05) can be decomposed into several low-dimensional projection prob-
lems. A typical element of H looks like v = (p,m, 0, p+, p_, p,q); here p,m are in some
sense the actual objects of interest; in brief, we have p and m representing the rectification
of the geodesic curve and its momentum, while the additional components 6, p, p_, p,
and q are the slack variables used for decomposing the projection problem. The compo-
nents 60, p,, and p_ are vector fields on the edge set, translating the mass on the nodes
into mass averaged on the edges, while ¢ and p encode the average mass on the nodes
over a time interval. The Chambolle-Pock routine is carried out until the convergence

threshold

1
[ s = gl ae < 107
0
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The Chambolle-Pock algorithm, first introduced by its eponymous authors in [CP11],
is a primal-dual algorithm for solving non-smooth convex optimization problems, a form
into which the discrete transportation geodesic approximation problem may be cast.
Specifically, if F,G : H — R are convex functions on a Hilbert space, the Chambolle-

Pock algorithm approximates the solution to

min F(z) + G(x).

zeH

It belongs to a broad class of extra-gradient methods [Kor76|, such as the well-known
Douglas-Rachford technique [LM79, CKCH23|. In order to apply the Chambolle-Pock
routine to this problem, a set of slack variables is introduced to decouple certain non-
linearities arising from the non-linear form of the action functional. Given convex func-
tions F,G : H — R, the Chambolle-Pock routine requires that we be able to compute
the proximal mappings of the G and the Fenchel conjugate of F' (denoted F™*). Recall

that for an arbitrary function f, its proximal mapping in H is defined by

1
prox;(z) 1= argmin _ ||z — y[|3; + f(y)-
2
yeH

Note that if A € H, and Z4 : H — R is defined so that Z4(z) = 0 for € A and +oc0

otherwise, then

proxz, (z) = proj(z).

This observation allows for the algorithm given in [ERSS20]| to be expressed as the com-
position of many low-dimensional projection problems.

It is essential for our approach that this method of approximating the discretized W
metric proceeds by approximating geodesic curves connecting measures in P(X). Because
the optimizers output by Algorithm (4) include the momentum information associated
to the geodesic curves, we are therefore able to approximate the intrinsic gradient of the

discrete variance functional (2.15) at a point v by approximating the geodesics between
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Algorithm 4 Generic Chambolle-Pock Routine
Input: Convex function F,G; 7,0 > 0 satisfying 70 < 1, A € (0,1]; initialization
20 y© 70 = 20
Output: z* minimizing F(z) + G(z)
while not converged do
y* D) = prox, p. (y® + oz*)
k1) — prox, G(l,( ) Tg(k+1))
j(k+1) _ x(k+1 4 )\( (k+1) :B(k))
end while
return z(*)

v and each reference measure and summing the associated momenta, weighted according
to the prescribed coordinates A € AP~

In [ERSS20|, an implicit Euler scheme in the spirit of the construction given in
[JKO98] and expanded upon in [AGS05], is constructed to compute gradient flows of
the entropy for the discretized metric W,. It’s classical formulation for a generic func-

tional F'is given by

) 1
pr = argmin {ZWQQ(P: Pr-1) + F(ﬂ)} :

This is sometimes referred to as a “minimizing movements” scheme, since the next iterate
must minimize the sum of the objective functional and the W, distance from the current

iterate. In [ERSS20|, this works because the entropy functional, defined by the equation

= plx)log(p(z))m(x),

zeV

admits a Fenchel conjugate whose proximal mapping may be quickly approximated via the
Moreau identity and a Newton scheme, and H* can be folded neatly into the Chambolle-
Pock objective function after certain modifications to the projection problems (see Section
6 of [ERSS20] for full details). The implicit scheme is desirable from an analytic perspec-
tive because it is well-studied and is known to generalize the notion of a gradient flow

to a generic metric space lacking linear structure — however, it is not obvious how one
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would implement it numerically, which restricts its use in the practitioner’s setting. In
an ideal world, a similar approach might be used for computing the gradient flow associ-
ated to (2.15), but computing the proximal mapping of (2.15) is itself as complicated as
minimizing the functional itself to begin with. Therefore, the implicit Euler approach is

not appropriate to the task, and so we instead proceed by an explicit approach.

5.3.3 Approximating the Exponential Map with the Continuity

Equation

First, we outline the general steps of the algorithm. In words, to synthesize a barycenter
for a given dictionary with prescribed weights, we fix some initialization measure vy,
and then for ¢« = 1,2, ..., we approximate the W gradient at iterate v; and update the
iterate using a heuristic based on the continuity equation. We stop iterating once the
iterates converge in the || - || norm, corresponding to a zero of the gradient vector field
VwJ . In order to carry out the update step of the intrinsic gradient descent scheme, it is
necessary to have a way of “stepping forward” on the surface of the manifold. Generically
the ideal situation would be to have some expression of the exponential map in terms of
local coordinates, but this is rarely the case. Here we propose an approximation of the
exponential mapping on P(X) by infinitesimal reasoning, leveraging the structure of the
continuity equation. This is a formal argument at best: all geodesics in this manifold
obey the continuity equation, but not all solutions to the continuity equation are geodesic
curves. Nevertheless, our idea is that provided we do not move too far away from the
initial point, we will move forward on the manifold in a way which is roughly distance
minimizing.
If (p,m) is a pair which satisfies the continuity equation, then we have
plt+¢) —p(t)

}:li% . = —divy(m(t)).
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Figure 5.2: The Chambolle-Pock routine is used to approximate energy minimizing curves
in P(X), ultimately producing a rectified curve encoded as a sequence of points and a
collection of momentum vector fields. We leverage these vector fields to approximate the
gradient of (2.15).
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Rearranging, taking ¢ > 0 and evaluating at ¢ = 0 we then write
p(e) = p(0) — edivy(m(0)). (5.1)

We will use (5.1) as our approximation of the exponential map. Applying this to (2.15),

we obtain our update step:

p
Vi1 = Vg —+ tk diVX (Z Aimyyyi(0)> .

=1

Algorithm 5 Synthesis of Barycenters via Intrinsic Gradient Descent in the W Metric

Input: Markov chain (Q, 7), reference measures {v;}}_,, weights A € AP~ convergence

criterion
Output: Barycenter v = Bary({v;}!_), \)

V<1 > Initialize with a measure which is trivially in Bary({v;};_,)
while not converged do

m < 0 € RVIxIV

forr=1,....,pdo

m < m+ A\;m,,, (0) > Compute the initial momentum of the geodesic [v, v ]

and sum

end for

v+ v—+edivym > Update via continuity equation heuristic
end while
return v

A natural concern here is whether or not (5.1) remains in the admissible set P(X).

We show that this is almost the case with the following lemma.

Lemma 5.3.3. Let Vo € T,P(X). Then

Z divy V(z)m(z) = 0.

zeV

Proof. The claim follows from the reversibility of the pair (@, 7). By definition of the
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graph gradient, V is a skew-symmetric matrix. Therefore, we have

Y dive Vo)) = 3 5 37 Qe p)(Veoly. 1) - Viplo)m(o),

zeV zeV  yeV

= Y 7 (@)Q(z,y)Ve(y, ©).

z,yeV

Therefore we may interpret the graph divergence of Vi as an elementwise sum of a
certain matrix Q ® Vi, where @ is the matrix Q = [1(2)Q(x,y)]syexr and © is the
Hadamard product for matrices (i.e., elementwise multiplication). By reversibility of
the pair (Q, ), the matrix (@ is symmetric, so its Hadamard product with Vo is skew-
symmetric. Observing that the elementwise sum of any skew-symmetric matrix is 0

finishes the proof. O

Corollary 5.3.4. Let v € P(X). Then ) (v(z) +edivy Vo(x))r(z) = 1.

eV
In other words, while it could in principle be possible to leave the probability simplex

by violating the non-negativity constraint, the updates will remain on the hyperplane

{(p,1) =1}.

5.3.4 Approximation of the Exponential Map’s Inverse

Recalling that the exponential mapping of tangent vector v € T, M is defined to be v, ,(1),
where 7, is a geodesic curve starting at p with initial velocity v and time domain [0, 1],
it follows then that if we had an oracle which could produce for arbitrary p,q € M
a geodesic v, then the inverse of the exponential mapping at p could be computed by
evaluating 4-(t)|;—o. Fortunately this is precisely one of the outputs of Algorithm (4).
Forming the linear system associated to the quadratic program in (2.9) is therefore as
simple as approximating the geodesic between the target measures v and the dictionary of
reference measures {v;}, computing the pairwise inner products of their initial momentum

vectors in the space T,P(X) and invoking an off-the-shelf quadratic programming solver.
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Algorithm 6 Analysis of Barycenters via Quadratic Programming

Input: Markov chain (@, 7), target measure v, reference measures {v; le

Output: Coordinates A* such that v = Bary({v;}}_, \*)

A+ 0eRP*P
fort=1,...,pdo
Vi < m,,,(0) > Compute the initial momentum of the geodesic [v, v,
end for
fori,j=1,...,pdo
Aij 3 > 0w(2),v(y)Vei(z, y)Ve;(z,y) > Form the Gram matrix
z,yeX
end for ’
A <= min {\TAX: X € AP} > Solve via CVX, etc.
return \*

5.3.5 Hyperparameters for the Synthesis and Analysis Algorithms

Several parameters need to be set when running these algorithms which are divorced from
the relevant measures and weights themselves; Table 5.1 summarizes which hyperparam-
eters are involved in which subroutines. First, there are two hyperparameters associated
to the underlying Chambolle-Pock routine computation of action minimizing geodesics:
the convergence tolerance, d, and the number of time steps in each geodesic, N. For the
synthesis computation, there is also the descent step size €, and the convergence threshold

for the descent scheme 6.

The parameters J, and N control the quality of the approximated geodesics in the
W geometry. As 0, — 0 and N — oo, the outputs of the Chambolle-Pock routine
become finer and finer, but at the cost of computational complexity — note that the
subroutines (proximal map computations) have time complexity growing quadratically
in NV (see [ERSS20] for full details), and that in general Chambolle-Pock exhibits a rate

of convergence O(1/k) in the number of iterations.

The descent parameter 0, governs the threshold for convergence of the synthesis
scheme, while € controls the size of the step taken after each gradient computation. In
principle, intrinsic gradient descent, under certain assumptions on the underlying mani-

fold, exhibits O(1/k) rate of convergence, and an optimal descent step size can be chosen
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for the constant step size paradigm as detailed in [ATV13], but such a choice requires
knowledge of the injectivity radius of (AP~ W) and an upper bound on the eigenvalues
of the Riemannian Hessian of the variance functional D?7. At present, these quantities
are unstudied, and we leave investigation of them to future work; here we simply remark
that we find that taking ¢ € (0.1,0.5) generally results in reasonable rates of conver-
gence. In recent years, interest has been taken in accelerating the rate of convergence
for intrinsic gradient descent [AOBL21|, taking inspiration from techniques well-known
in Euclidean optimization [Pol87|, and this may also be a useful direction in which to

expand the present work.

’ Routine ‘59‘]\7‘51,‘ 5 ‘
Chambolle-Pock | v | v
Synthesis VIV IIVv|Y
Analysis v IV

Table 5.1: Table of hyperparameters associated to each algorithm

5.3.6 Barycentric Coding Model via Entropic Regularization

In [BPC16], an algorithm is proposed for performing transport-based histogram regression

S

.1, consider the

for measures on fixed support. For a given family of histograms {p,}
mapping

P: )\ argminz AOT, ., (P ps),

and seek solutions to the optimization problem
argmin £(A) := L(P(N),q),

for prescribed reference histogram ¢, where £ is some common and easily differentiated
loss function (e.g., the squared L? difference, or the Kullback-Liebler divergence). While

it is expensive to compute the Jacobian [0P(A)]” needed for the naive descent scheme,
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they show that replacing it by a running estimate [0) P()\)]” obtained after L Sinkhorn

iterations makes the problem computationally tractable.

In [GM25], that approach was leveraged to implement an entropically regularized
barycentric coding model for measures supported on graphs, using diffusion distances as
ground metrics encoding the connectivity information of the graph. There are trade-offs
associated to this approach to barycenters of measures on graphs. Firstly, there is the
question of how to choose the cost matrix C'. As alluded to previously, there is not an
isomorphism between pairwise distance matrices and graph structures — it is perfectly
possible to have two identical cost matrices which represent different network structures.
Secondly, the Bregman projections algorithm, which depends on the entropic regular-
ization, both in regularizing parameter ¢,., and choice of reference measure (typically
taken to be the tensor product of the reference measures) is sensitive to the choice of
regularization parameter €,.4, with instability of the computations occurring in the limit
as €4 — 0. Strictly speaking, one could choose to forgo the regularization of the trans-
port cost and try solving the linear program directly, but this is not without issues of
its own. One such issue is that solving linear programs is expensive, but another issue
is that even if we are happy to pay the cost of solving an expensive linear program, a
fundamental problem remains in that the geometry induced by the Kantorovich problem

does not admit non-trivial geodesics [Maall].

In practice this trade-off may be worth it, since synthesizing barycenters via the
Sinkhorn algorithm is much faster than the gradient descent approach outlined above.
However, it is worth emphasizing that the introduction of the entropic regularization
term introduces bias and in fact computation of entropy-regularized transport cost can be
interpreted as performing a maximum-likelihood estimation for Gaussian deconvolution
[RW18| — in short, it causes a loss in geometric information which we see realized as a

kind of “blurring” of the support of the measures across the entire domain.

Summarizing then, we are comparing two approaches which could be taken to the
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problem of synthesizing and analyzing barycenters of measures on graphs: one is the
“static” approach born of the Kantorovich problem, and the other is the “dynamic” ap-
proach born of the transport metric proposed in [Maall]. The former offers the following
trade-off: if we are willing to make a non-canonical choice about how to encode the con-
nectivity of a given graph and choose a workable loss function, and as well introduce
the entropic regularization, then a combination of Bregman projections, the Sinkhorn-
Knopp algorithm, and gradient descent can achieve system for synthesizing and analyzing
barycenters of measures on graphs. The latter requires us on the other hand to set cer-
tain tolerances for convergence, but otherwise allows us to construct a barycentric coding
model using a canonical representation of the graph via its Markov chain random walk

transition matrix.

5.4 Experiments

Here we present some experimental results based on our numerical implementation of
the outlined scheme above and highlight our major observations. Broadly speaking, we
find that our intrinsic descent scheme is able to synthesize and analyze barycenters of
measures on graphs. In Figures 5.3 and 5.4 we demonstrate the general capability of our
program. Figure 5.3 features the barycenter of 4 measures on a graph with 16 nodes, and
for both of the weighted and unweighted edge cases. Figure 5.4 features two barycenters
of measures defined on a spatial geography graph where each vertex corresponds a district
for the Massachusetts state house, with edges indicating that two districts share a border
(in total, there are 156 vertices in the graph and 404 edges); the two barycenters share the
same references and prescribed coordinates, but differ in terms of their overall convergence

threshold 9.
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Vl 25 VZ 25 V3 25 V4 25

2.0 [-2.0

/ /

v, (unweighted)

‘ I-1.00
078 0.75
A =1[0.25,0.25,0.25,0.25] A =1[0.25,0.25,0.25,0.25]
X =1[0.25,0.25,0.25,0.25] X =1[0.249,0.251,0.251,0.249)]

Figure 5.3: Barycenter of 4 measures on the graph formed by the edges and vertices of
a hypercube. Bottom left: edges of the hypercube are uniformly weighted with w;; =
1; bottom right: edges are randomly weighted (weights are symmetric to preserve the
reversibility condition of the Markov chain).

5.4.1 Comparison: Recovering Geodesic Curves via Wasserstein

Gradient Descent

The first test we can conduct to verify our algorithm’s outputs is to consider the case of
2 reference measures. As pointed out in [AC10], if we fix reference measures vy, v, and
denote by v(t) : [0,1] — P(X) the geodesic connecting vy to vy, with v(0) = 1y, then a

consequence of the triangle inequality is that
v(t) = argmin { (1 — )W (v, v) + tW? (11, 1) } .

This implies that computing a barycenter of two measures requires no additional bells

and whistles beyond a mechanism for computing the geodesics between them.

We will proceed in two distinct ways for this procedure. First, we note that in the

case of a two-point space Xy = {a, b}, there exists a simple ODE governing the geodesic
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©

15

[}

A=10.4,0.3,0.2,0.1] A=1[0.4,0.3,0.2,0.1]
X\ = [0.398,0.306,0.201,0.0956] X =[0.447,0.273,0.194,0.087]

Figure 5.4: Barycenter of 4 measures on the graph formed by the spatial geog-
raphy node constructed from the Massachusetts state house districts. We ran-
domly generate 4 geographically concentrated reference measures and compute the
barycenter with weights A = [0.4,0.3,0.2,0.1], for convergence tolerances J, =
107%,107%%, then recover the coordinates. We observe that more rigorous conver-
gence tolerance in the Chambolle-Pock routine leads to superior coordinate recov-
ery in the analysis problem. Data retrieved from https://www.mass.gov/info-details/
massgis-data-massachusetts-house-legislative-districts-2021.


https://www.mass.gov/info-details/massgis-data-massachusetts-house-legislative-districts-2021
https://www.mass.gov/info-details/massgis-data-massachusetts-house-legislative-districts-2021
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Distribution : |discrete transport — ODE Euler| Distribution : |barycenter — ODE Euler|
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(a) Distribution of deviation between (b) Distribution of deviation between in-
Chambolle-Pock and Euler methods for ap- trinsic descent and Euler methods for ap-
proximating mass on node b across geodesic proximating mass on node b across geodesic
between Dirac masses on a two point graph. between Dirac masses on a two point graph.

Figure 5.5: Computation of barycenters on a 2 node graph
Comparison of barycenters on a 2 node graph computed by solving an ODE vs computed
by intrinsic gradient descent.

curve between any given pair of measures v, v; € P(X,). We can solve the ODE via an
explicit Euler method, and compare the geodesic predicted by the solution of the ODE
to the barycenters produced by our descent method; see Figure 5.5 for the distribution

of results.

For the other approach to this experiment, we can on the one hand compute the
geodesic v(t) between v, v using the Chambolle-Pock algorithm, evaluate that geodesic
at different values of t = ty, ¢4, ..., and see how those evaluations compare to the barycen-
ters obtained by, on the other hand, applying our descent method to the reference
measures R = {v, 1} with weights A = (1 — to,t0),...,(1 — tn,tn). We perform
two versions of this approach to the experiment. First, we fix a single pair of mea-
sures {1, 1} on a graph G, compute the points on the geodesic {Vti}fio between them
with N = 100 time steps, and then for each i = 1,..., N — 1, compute the barycenter
argmin {(1 — i/N)W?(v,vp) + (i/N)W?(v,v1)}. We treat the measures 14, output by the
Chambolle-Pock computation of the geodesic curve between vy and v; as the ground truth

and report the relative error of the barycenters computed via intrinsic gradient descent;
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the results of this experiment are plotted in Figures 5.6a and 5.6b, both as an ensemble
distribution and as a function of the interpolation parameter t. Then we perform a varia-
tion on the experiment, keeping G fixed but now letting the measures and coordinates be
randomly generated each time, see Figure 5.7. In order to generate the random measures
on the triangle, we sample from the uniform distribution on the interval [0, 1] three times,
and normalize by dividing through by the sum of values, and then componentwise by the
steady state vector 7.

We also hasten to point out that taking the measures along the computed geodesic
as ground truth it not necessarily optimal. Note that the object being optimized by the
Chambolle-Pock routine is a representation of the entire geodesic. While in the limit of
N — oo we would expect perfect correspondence between points on the geodesic and
barycenters of vy and v, in the case of finite step size we must anticipate some difference
between the true barycenters and the measures along the approximated curve. Never-
theless, the small relative error in our experiments indicates that the intrinsic descent

scheme does converge towards a variance minimizing measure.
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(a) Distribution of 1000 computed relative (b) 1000 computed relative norm differ-
norm differences between (a) the barycen- ences between (a) the barycenter of two
ter of two fixed measures vy, v1 on a triangle fixed measures 1y,v1 on a triangle graph
graph and (b) the corresponding point on and (b) the corresponding point on the
the geodesic between vy and v;. geodesic between vy and v as a function

of the interpolation parameter t.

Figure 5.6: Comparison barycenters of two measures computed as geodesics via
Chambolle-Pock and via intrinsic gradient descent for a fixed geodesic curve.
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Figure 5.7: Distribution of 1000 computed relative norm differences between (a) the
barycenter v, of two randomly generated measures v}, vi on a triangle graph and (b)
the corresponding point on the geodesic between v and v, v, When computing the
relative error we assume that the point on the geodesic is a genuine representative of the
barycenter, and therefore compute ||v, — || /||Vy|=

5.4.2 Comparison: Barycenters Obtained by Gradient Descent

vs by Entropic Regularization

Here we compare qualitatively the barycenters obtained by our dynamic approach to
those obtained via the entropically regularized static approach. We will compare our
algorithm’s outputs to those obtained when the cost matrix used in formulating the
entropic regularization problem is (1) the squared shortest path metric on the graph and
(2) the squared diffusion distance between graph vertices for various values ¢ > 0.

For our first comparison between the methods, we fix a grid graph on 49 vertices,
generate 3 random measures and coordinates A = (0.5,0.3,0.2), and then compute the
barycenter v, (1) by intrinsic gradient descent, (2) by entropic regularization with the
ground metric given by the squared shortest path metric and (3) by entropic regularization

with the squared diffusion distance at time ¢ = 12, shown in Figure 5.8a. For our
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second comparison, we repeat the process outlined above on a graph representing the
48 contiguous U.S. States + D.C, shown in Figure 5.8b, this time taking ¢ = 11 for
the diffusion distance. Diffusion times in these experiments are selected by setting ¢
according to the diameter of the graph, i.e., the maximal path length among all shortest

paths between pairs of vertices.

In order to generate the measures which have some semblance of geographic concen-
tration we perform the following procedure. First, we pick an arbitrary node v € V,
and let N(v) be the set of vertices connected to v, together with v. Then we generate a
weighting vector, for a set weight parameter w > 0, and assign mass 1 to u ¢ N(v) and
mass w to u € N(v). Finally we normalize the resulting vector so that it lies in P(X),
which is done by dividing componentwise by the steady state vector m and the total
unnormalized mass |N(v)¢| + w|N(v)|. The parameter w roughly controls how close the

measures are to the boundary of P(X). In these specific experiments, we take w = 100.

Some commonalities jump out from these experiments. For brevity, let us refer to the
barycenter computed with Algorithm 5 as v, the one computed via entropic regulariza-
tion with cost given by the squared shortest path metric as vy 5, and the one computed

via entropic regularization with cost given by the squared diffusion distance as vy gif¢.

First, we look at the results for the grid graph. Qualitatively, all three barycenters
have supported concentrated in the lower left corner of the graph, but none of them are
actually similar to each other. vg,, has support which extends along the off-diagonal
of the grid, while vy 5, has support mostly concentrated below the main diagonal and
parallel to it, and v 4¢f is significantly more concentrated than either of the others. In
terms of recovery error, vy ¢, dominates with a relative error of approximately 2.43x 1077,

while vgy, and vy ¢;r¢ both admit relative recovery errors of approximately 0.006.

Turning our attention to the U.S. states graph, we see that vy g4;5¢ significantly im-
proves its relative recovery error to roughly match the relative error obtained for vy 4,

the former coming in at 6.02 x 107® and the latter at 5.24 x 1078, Recovery is not much
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changed for v, on the graph, still at 0.006. Also of note in regards to the U.S. states
graph, the barycenters computed via the static approaches are much more visually similar
to each other than they are in the case of the grid.

These experiments highlight the trade-offs between approaching the barycentric cod-
ing model from either the static or dynamic point of view. On the one hand, results can
be obtained quickly using the static formulation with entropic regularization, but at the
cost of having to make a good choice about what ground metric to use, while on the
other hand, consistent results can be obtained without having to make such a choice, at

the cost of significantly more compute time when using the dynamic formulation.

5.4.3 Effect of Different Initializations for the Descent Scheme

Lacking guarantees about the geodesic convexity of (2.15), or its strict convexity with
respect to the Euclidean geometry, a natural question to ask is whether or not the choice
of initialization v in the descent scheme (5.1) has a meaningful effect on the convergence
behavior of the algorithm, and whether or not it becomes stuck in local minima. To test
this, we generate a collection of arbitrary measures on a graph of 25 vertices, as well as
a spatial geography data graph representing the 48 contiguous states of the U.S.; plus
D.C., and initiate the descent from each of the reference measures. We make this choice
because, as prescribed in [ATV13], it is generally best practice to choose an initialization
we know to be within the geodesic hull of the dictionary of reference measures. Results
are displayed in Figures 5.9a and 5.9b. Once the algorithm converges for each choice
of initialization, we compare the distance between the output barycenters in the || - ||,
norm. Barycenters are considered to be converged at a threshold of &, = 1071°; for the
experiment on the grid, the maximal norm difference between computed barycenters was
observed to be 1072, while on the graph of the contiguous states the maximal observed
norm difference was 8 x 107!, which indicates that the choice of initializing measure

for the descent scheme may not have a meaningful impact on the final output of the
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(b) Barycenter of three geographically concentrated measures on a graph representing the
48 contiguous states + DC.

Figure 5.8: Barycenters of three geographically concentrated measures on two different

graphs Top left, middle, right:

reference measures; bottom left: computed via intrin-

sic gradient descent and the dynamic formulation of discrete transport; bottom center:
computed via entropic regularization with cost given by the squared shortest path met-
ric; bottom right: computed via entropically regularized transport, with the cost matrix

given by the squared diffusion distance with ¢ given by the diameter of the graph.
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algorithm. This also suggests a modest computational optimization to make: initiating

p

descent from the dictionary atom v+ € {v;}7_,, where

i = argmin {J[v;]} .

7

5.4.4 Recovery of Coordinates and Effect of Hyperparameters on

Recovery Quality

Perhaps the single most desirable property this tool could have is consistency. It should
be the case that if we fix A € AP~! and a family of reference measures R = {r;}¥_,, then
compute their corresponding barycenter v*, and finally analyze the computed v* with
respect to the family of reference measures R to obtain coordinates A\*, then it should be
the case that A &~ \*. We test the consistency of our algorithm in two ways. For the first
experiment we fixed a grid graph on 16 nodes, generated 3 random measures, a random
set of coordinates A € A%, and computed the relative error of the recovered coordinates
N*, taking 6, = 107°, N = 10,e = 0.5,8, = 107, We find that a large majority of
experiments result in < 0.01 relative error, and refer to 5.10 for the full distribution
of relative error in coordinate recovery. For the second experiment, we modulate the
hyperparameters associated to the Chambolle-Pock routine to test the effect of geodesic
quality on coordinate recovery. For this experiment, we fix a single graph on 64 nodes,
three measures vy, 19, 73 and set of coordinates A € A2, then vary the hyperparameters
dg and N to test their effect on coordinate recovery. Our results are optimistic: even
taking very coarse parameters, we see the relative error stays under 0.01 (see 5.11 for
details). This indicates that the computational cost of synthesizing barycenters might be

significantly reduced by a judicious choice of hyperparameters.
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(a) A barycenter of measures on a grid graph for different choices of initialization. The
maximum observed difference in || - ||, between the computed barycenters was 1 x 107, the
parameters used to compute the barycenters were N = 16,0, = 1076, = 0.25,8, = 10719,
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(b) A barycenter of measures on the States + D.C. graph for different choices of initializa-
tion. The maximum observed difference in || - || between the computed barycenters was
8 x 10719, the parameters used to compute the barycenters were N = 5,09 = 1076, =

0.25,8, = 10719,

Figure 5.9: A barycenter of several reference measures computed with differing initial-
izations for the descent scheme.
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Figure 5.10: Distribution of 1000 observed relative errors in recovery of coordinates from
a barycenter synthesized via intrinsic gradient descent for a grid graph on 16 nodes,

3 random measures, a random set of coordinates A € A? with hyperparameters 6, =
1072, N =10, = 0.5,0, = 1071°.

5.4.5 Empirical Convergence

Lacking analytical information about either the injectivity radius or the sectional curva-
tures of the space P(X'), we cannot make guarantees about the rate of convergence for
the intrinsic gradient descent scheme [ATV13], which is unfortunate. However, we are
able to study the rate of convergence for our algorithm empirically. For this experiment,
we fixed a grid graph on 16 vertices, and for each run of the experiment, generated 3
random measures and a random set of barycentric coordinates A; then we tracked the
difference in norm between iterates as the descent scheme proceeded. In other words, we
track the quantity

|ks1 — villr = bl diva VJM“W

We repeated this procedure 100 times, with a convergence threshold §, = 1071°, and

plotted the results. We observe clear linear convergence behavior in figure 5.12.
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(a) Recovery on a graph defined by the 48 contiguous states + D.C.

Coordinate Recovery Error (Log:o scale)
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(b) Recovery on a grid graph with 64 vertices.

Figure 5.11: Error matrices for coordinate recovery experiment. Three geographically
concentrated measures vy, vy, V3 are generated, along with randomly chosen coordinates
A. The barycenter v, is computed via intrinsic gradient descent, and then analyzed by
solving the associated quadratic program. The relative error of the recovered coordinates
is recorded as a function of the convergence threshold for the geodesic computations and
the number of steps in each geodesic. Convergence threshold for the barycenters is set to
6, = 107®, and stepsize is taken to be & = 0.05.
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Conclusions and Closing Thoughts

“... there are no hard and fast rules; you just win your battles.”

— Isshin Ashina

114
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6.1 Future Directions

We have seen now some nice applications of optimal transport to signal processing prob-
lems where the domain has some interesting spatial features. We have studied the change
point detection problem and developed a barycentric coding model for measures sup-
ported on graphs, both using the entropically regularized transport cost via Bregman
projections as well as by using intrinsic gradient descent in transport-like metric based
on the continuity equation. We have made our code available for all of these experiments
and hope that other interested scholars will find use of it in some way. So now, I would
like to use the remaining space to address some ideas which appeared in the course of the
development of this dissertation but were not afforded the time to be fully investigated.

As mentioned in Chapter 3, there are certain tradeoffs to be made when choosing
the w and ¢ parameters in the change point detection algorithm. For instance, taking
w too small may result in a metric derivative approximation which is not faithful to the
underlying data, while taking w too large may prevent the method from capturing states
which are persistent over the course of the time series but whose individual instances do
not last long enough to be captured by the large window. A potential remedy for this
would be the introduction of a score function: by producing a model of the series, and
cross-validating its predictive quality against a hidden portion of the data set, we could
identify an optimal parameter set and relieve ourselves of the need to tune w and ¢ by
hand.

Interesting theoretical questions concerning analysis and computation of barycenters
of measures supported on graphs abound. The overarching question that requires an
answer is this: under what conditions can the gradient descent iterates defined by (5.1) be
guaranteed to converge? Progress has been made on this question in the case of transport
on a Euclidean domain, although it is not clear that those results have natural analogs
in the discrete setting [CMRS20] — investigating such a potential parallel is therefore

a natural next step for building up the theory of synthesizing barycenters of measures
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on graphs. Another approach of interest is to approach from the Riemannian point of

view: estimate the sectional curvatures of the probability simplex under the transport

metric [Li22], and invoke relevant results from the general theory of Riemannian gradient

descent [ATV13].

Here we will list some specific suggestions about further study barycenters of measures

on graphs.

1.

Although Lemma 5.3.3 shows that the gradient descent iterates in the synthesis
algorithm remain signed measures of unit mass with respect to the stationary dis-
tribution 7, ultimately we would like to find sufficient conditions guaranteeing that

the iterates are always non-negative probability measures.

. While it is clear that barycenters exist by virtue of the convexity of the variance

functional with respect to linear interpolation, it is not clear that the variance
functional is itself geodesically convex. In the case of measures supported on a
Euclidean domain, the answer to the corresponding question is known, and in fact
it is known to not be geodesically convex — nevertheless, gradient descent in the Wy
metric has been shown to be a legitimate tool for approximation of W5 barycenters
under suitable conditions [CMRS20|. It is of great interest to decide if variance

functional is geodesically convex in our discrete setting.
Can we make meaningful improvements to the algorithm described in [ERSS20]?

Given the popularity of entropic regularization in the computational approximation
of Fuclidean transport, can such a regularization be found for discrete transport

distances?

The step-size in the intrinsic gradient descent scheme proposed in this paper is
taken as a constant for simplicity, but adaptive step sizes often have computational
benefits in achieving faster rates of convergence [ATV13, CP11] — could such a

scheme be appropriate and beneficial in this setting?
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. Alternatively, changing nothing at all about the way that we are currently ap-

proaching the problem of synthesizing and analyzing barycenters, there are already
hyperparameters which have an unclear effect on the quality of our final outputs,
namely the number of steps used to compute discrete geodesics, the convergence
tolerance for the Chambolle-Pock routine, and the convergence tolerance for the
intrinsic gradient descent scheme. It is entirely conceivable that a high tuning any
of these knobs e.g., taking the number of steps per geodesic N to be large, will

exhibit diminishing returns.

. It has been shown in [EMWI19] that the geodesics of the W metric may exhibit

non-locality if certain topological properties are not satisfied. It would be of great
interest to see if similar results can be extended to VW barycenters — i.e., if {v;}; is
a collection of measures supported on a subset A C X, when can it be guaranteed

that the barycenter Bary({v;};) is also supported entirely in A?

. We have totally avoided consideration of the boundary of the simplex in our dis-

cussion, and it is known that geodesic curves in the W geometry may intersect the

boundary of P(X) even when both end points lie in the interior of P(X") [GLM19].

. We may also be able to leverage a “warm start” to enhance the speed of our algo-

rithm. Fix a family of reference measures {;},_, and let v¥) be the k-th iterate of
the descent scheme for the synthesis of Bary({v;},A) for some arbitrary A. Denote
by pgk) the (rectified) geodesic curves computed by the Chambolle-Pock routine
which connect v®) to v;. Presuming that ||v*+1) —®)||_is small, it seems reason-

D Pl('k)HH will also be small. In that case, converged

able to conclude that || pz(
primal and dual variables of the Chambolle-Pock routine obtained on the k-th it-
eration of the synthesis descent scheme may prove to be suitable initializations for

the k + 1-th iteration, and yield faster convergence for our algorithm.
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6.2 Postscript, or Making Meaning

I've now said what I have to say about the mathematical contents of this dissertation,
and in closing I find myself returning to the question I waved off in the introduction:
why do all this? T have spent the better part of the last 7 years at Tufts University, and
I have produced a dissertation “in partial fulfillment of the requirements for the degree”.
Being an applied mathematics dissertation I might clear my throat and mutter something
about the importance of data analysis in computational sciences, but that would amount
to dissembling in my view and even be dishonest. That sort of answer might gesture at
a question like “why should a practitioner compute barycenters of measures on graphs
via intrinsic gradient descent”, but that isn’t the question that hangs over a journey like
this. The question is “why should I as a graduate student have spent all this time trying
to compute barycenters in this way?” In other words, how do I make meaning of this
experience, beyond the simple material consequences of its end? Mathematics is good
for a great many things, but I have never found it to be much help in the development

of spiritual understanding. And for that, I turn now to Hegel.

In Chapter B., “Self-Consciousness” of his Phenomenology of Spirit, Hegel relates
his allegory of the lord and the bondsman'. He begins with the assertion that self-
consciousnesses is impossible in isolation, that “[it] exists only in being acknowledged”,
and that therefore our human spirit cannot be separated from its relation to other persons.
In Kojéve’s reading of the allegory, History begins when the need for mutual recognition
leads to conflict. There are surely entire dissertations in their own right to be written just
about this passage in the Phenomenology, but to my mind it makes 3 essential points: (1)
recognition is necessary for self-realization, (2) the domination of other persons for the

sake of achieving recognition is a futile endeavor, and (3) the fruits of labor transmute

struggle into material reality. Two self-conscious beings, desiring recognition, risk their

My understanding and interpretation is informed by and indebted to Alexandre Kojéve’s Lectures
[KQBNG9|, as well as the translation and summary of the original by A.V. Miller.
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lives and engage in a conflict which itself transforms the self-conscious beings engaged in
it, and renders them as the lord and the bondsman, the dominator and dominated. The
struggle cannot be resolved by death — for death does not preserve the struggle. The
nature and outcome of the conflict, and the relationship between lord and bondsman in
turn affects how each principal is able to make meaning; in reducing another to a lower
caste of humanity, the lord ceases to see his interlocutor as essentially self-conscious, and
because he deprives himself of a peer, he destroys the source of recognition which he
desired in the first place. Simultaneously, the labor imposed on the bondsman becomes a

material outlet preserving his struggle, contrasting with the fleeting nature of domination.

The pursuit of graduate studies is, by construction, a struggle for recognition. After
years of labor, the submission of this thesis “in partial fulfillment of the requirements for
the degree” affirms me as a formal member of the scientific community. And yet, here at
the terminus, I cannot help but think to myself: “doctor” is just an honorific. I am the
same person before and after the recognition, per se, but of course that person is shaped

by the struggle and labor from which the formal recognition stems.

So: why? While it is true that on some level, this has all been pursued because I found
it beautiful and fun, at least some of the time, at the heart of the matter, it is this object
in front of the reader’s eyes that motivates the whole endeavor: this path has afforded
me the chance to realize my self through labor. I am not sure that I have managed
to achieve “beautiful mathematics” in the sense that, say, G.H. Hardy was thinking of
in his Apology, or even in the way I might have dreamed of achieving as a wide-eyed
undergraduate. In beginning this journey, I had preconceptions about what it would
mean to pursue mathematics and to engage in scientific work, and likely all of them were
wrong to lesser or greater extent. But, and this perhaps is the most important thing, I
have certainly worked; this dissertation is nothing if not a testament to that which I have
built, the transmutation of my personal experience into an independent object. And it

is by the virtue of this work, this culmination of labor, separate from the imposition of
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any preconception about what it was supposed to look like according to the mind’s eye
of a novice, that I can affirm myself, in and for myself.

I will close with a final reflection. Mathematics has shaped my life. When I was a
child, although I did not know it at the time, mathematical work brought me to the edge
of the world, when my father’s job took our family to the island of Kwajalein Atoll in
Micronesia — it’s about as far from everything as it’s possible to get without leaving
the planet. As an undergraduate, mathematics took me to Budapest, where I became
entranced by differential geometry, and combinatorial optimization. Now as a graduate
student, mathematics has continued to take me to wondrous places. Last year, it was
to Vienna, where I was able to share some of my research at the Sampling Theory and
Applications conference poster symposium. This year, it was to Kobe, where I had the
privilege of learning about exascale computation on the largest supercomputer in Asia, as
of writing. I have forged deep friendships, and I have shared in fascinating conversation
and adventure; in short, I have been unbelievably fortunate, although at times I have

done my best to forget that fact, and I am grateful.
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